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Invited Lectures

The Burnside Problem on periodic groups for odd
exponents n > 100

Adian S.I. (Steklov Mathematical Institute, Russia)

sia@mi.ras.ru

In 1902 W. Burnside formulated the following problem:
Is every group generated by a finite number of generators and satisfying

the identical relation xn = 1 finite?
Maximal periodic groups B(r, n) with r generators satisfying the iden-

tical relation xn = 1 are called free Burnside groups of exponent n.
During several decades many mathematicians from different countries

studied this problem.
In 1950 W. Magnus formulated a special question on the existence of a

maximal finite quotient group of the group B(r, n) for a given pair (r, n).
Magnus named this question the “Restricted Burnside Problem”.

A negative solution of the full (nonrestricted) Burnside problem was
given in 1968 by P.S. Novikov and S.I. Adian. It was proved that the
groups B(r, n) are infinite for any r > 1 and odd n ≥ 4381.

In 1975 the author published a book where he presented an improved
and generalized version of Novikov-Adian theory for odd exponents n ≥
665 and established some other applications of the method.

In this talk we introduce a new simplified modification of Novikov-
Adian theory that allows to give a shorter proof and stronger results for
odd exponents. The main result is the following new theorem.

Theorem 1. The free Burnside groups B(m,n) are infinite for any odd
exponent n > 100.

A detailed survey of investigations on the Burnside Problem and on
the Restricted Burnside problem one can find in authors survey paper
published in “Russian Math. Surveys”, 65:5 (2010), pp. 805 - 855.
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On some problems and results in the Weierstrass theory
of analytic functions

Arakelian N. (Institute of Mathematics, NAS, Armenia)

narakel@sci.am

We will present a survey of results on possibility of analytic continua-
tion of power series and on efficient restoration of that continuation, on
localization of singularities of power series on the boundary of the conver-
gence circle in terms of their coefficients. Also we will outline some analog
problems and results on harmonic continuation of Laplace series.

Discrepancy theory and analysis

Bilyk D. (University of Minnesota, USA)

bilykdmitriy@gmail.com

Discrepancy theory is a fascinating branch of mathematics which stud-
ies different variations of the following question: how well can one approx-
imate continuous distributions by discrete sets of points? And how large
are the errors that necessarily arise in such approximations?

Despite the apparently simple formulations, several fundamental prob-
lems in the field are still open, especially in higher dimensions. Histori-
cally, the methods of functional and harmonic analysis (Fourier analysis,
wavelets, Riesz products etc.) have played a pivotal role in the develop-
ment of the subject. In addition, the subject has profound connections to
approximation theory (numerical integration, metric entropy, hyperbolic
cross approximations), probability (small deviation problems, empirical
processes), combinatorics, and number theory.

In this talk, I will discuss some classical and recent results, methods,
and ideas in this field.

Gauss-type operators, intertwining with Hilbert
transform, and the Klein-Gordon equation

Hedenmalm H. (KTH Royal Institute of Technology, Sweden)

haakanh@kth.se

This reports on joint work with A. Montes-Rodriguez. We study the
(signed) invariant measures for a Gauss-type transformation of an interval,
and show how this leads to results concerning the completeness of certain
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complex exponential systems. We then take things one step further and
study invariant distributions from the space L1+Hilb(L1

0), where Hilb is
the Hilbert transform and L1

0 is the codimension 1 subspace of functions
with integral 0. This then leads to more refined completeness results.

Asymptotic behaviour of zeros of random polynomials
and analytic functions

Ibragimov I. and Zaporozhets D.

(Steklov Mathematical Institute, Russia)

ibr32@pdmi.ras.ru, zap1979@gmail.com

For an analytic function G denote by µG the measure counting the
complex zeros of G according to their multiplicities. Let ξ0, ξ1, . . . be
non-degenerate independent and identically distributed random variables.
Consider a random polynomial

Gn(z) =

n∑
k=0

ξkz
k.

The first question we are interested in is an asymptotic behaviour of the
average number of real zeros of Gn as n→∞ under different assumptions
on the distribution of ξ0. Afterwards we consider all complex zeros of Gn
and study the asymptotic behaviour of random empirical measure µGn .

Finally, we consider the generalization of the previous problem to a
random analytic function of the following form:

Gn(z) =

∞∑
k=0

ξkfk,nz
k.

On Freiman’s theorem

Konyagin S. (Moscow State University, Russia)

konyagin@mi.ras.ru

By a celebrated theorem of Freiman, if A is a finite set of reals and
|A + A| ≤ K|A| then there is d ≤ d(K), positive integers N1, ..., Nd, and
an affine mapping Φ : Rd → R such that N1, ..., Nd ≤ D(K)|A| and

A ⊂ Φ
(
([0, N1)× ...× [0, Nd)) ∩ Zd

)
It turns out that Freiman’s Theorem is very important for numerous ap-
plications and very attractive. Currently best results related to Freiman’s
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Theorem use combination of various ideas from Harmonic Analysis, Com-
binatorics, Probability Theory and Geometry of Numbers.

Kicked quasi-periodic Schrodinger cocycles and operators

Krikorian R. (Université Pierre et Marie Curie, France)

raphael.krikorian@upmc.fr

We will discuss some properties of quasi-periodic 1D Schrodinger co-
cycles and operators with smooth peaky potentials and show for such po-
tentials coexistence of absolutely continuous and purely continuous parts
in the spectrum. (Joint work with K. Bjerklov).

Spectral inequalities for Partial Differential Equations
and their applications

Laptev A. (Imperial College London, UK)

a.laptev@imperial.ac.uk

We shall discuss properties of the discrete and continuous spectrum of
different classes of self-adjoint differential operators including Schrodinger
operators.

Hausdorff dimension and σ-finiteness of some p-harmonic
measures

Lewis J.L. (University of Kentucky, USA)

john@ms.uky.edu

In this talk for fixed p, 1 < p <∞, we consider a measure µ̂, associated
with a positive p-harmonic function û defined in an open set G ⊂ R2 and
vanishing on a portion Γ of ∂G.

During the first part of the talk we will outline results obtained by the
presenter and coauthors when G is a bounded simply connected domain
in R2 and û is p-harmonic near ∂G with continuous boundary value zero
on ∂G. Our results generalize the famous theorem of Makarov concerning
the dimension of harmonic measure.

During the second part of this talk we will consider p-harmonic measure
in Rn, n > 3. In this case we will outline some examples constructed by
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the presenter and coauthors. We will also discuss recent attempts by the
presenter and coauthors to prove his conjecture concerning the ‘ natural
generalization ’ of Jones and Wolff’s theorem for harmonic measure to the
p-harmonic setting when p ≥ n.

Rational polyhedra, unital abelian l-groups, and
MV -algebras

Mundici D. (University of Florence, Italy)

mundici@math.unifi.it

Markov’s celebrated unrecognizability theorem states that there is no
algorithm to determine whether or not two polyhedra P and Q in Rn

are piecewise linear (PL) homeomorphic. It is understood that the in-
put polyhedra P and Q are explicitly written down as finite unions of
simplexes with rational vertices in Rn. In a resource-aware category of
rational polyhedra suitable for computations, one may conveniently de-
fine arrows as Z-maps, i.e., continuous PL-maps whose linear pieces have
integer coefficients. The resulting Z-homeomorphisms then coincide with
PL-homeomorphisms that preserve the least common denominator of the
coordinates of each rational point. As shown, e.g., in the author’s book
“Advanced Lukasiewicz calculus and MV -algebras”, Springer 2011, the
resulting category is dual to finitely presented MV -algebras, the alge-
bras of Lukasiewicz infinite-valued logic. The equational class of MV -
algebras, in turn, is categorically equivalent to unital l-groups (i.e., abelian
groups equipped with a translation invariant lattice order, and with an
archimedean element), which are a modern mathematization of euclidean
magnitudes. Further, via Grothendieck’s K0 functor, AF C∗ -algebras
whose Murray-von Neumann order of projections is a lattice correspond
to countable unital l-groups. Then invariant measures of rational polyhe-
dra amount to invariant states in their corresponding unital l-groups and
AF C∗-algebras. The rich interplay between algebraic, geometric, PL-
topological, measure-theoretic and logic-algorithmic notions will be our
main concern in this talk.
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Wiener’s conjecture on cyclic vectors

Olevskii A. (Tel Aviv University, Israel)

olevskii@post.tau.ac.il

N. Wiener characterized cyclic vectors (with respect to translations) in
lp(Z) for p = 1 and p = 2 in terms of the zero sets of Fourier transform. He
conjectured that a similar characterization should be true for 1 < p < 2.
We proved recently in collaboration with Nir Lev that this is not the case.
I’ll discuss the result and mention some open problems.

Flag algebras

Razborov A. (University of Chicago, USA and Steklov Mathematical
Institute, Russia)

razborov@cs.uchicago.edu

A substantial part of extremal combinatorics studies relations exist-
ing between densities with which given combinatorial structures (fixed
size “templates”) may appear in unknown (and presumably very large)
structures of the same type. Using basic tools and concepts from algebra,
analysis and measure theory, we develop a general framework that allows
to treat all problems of this sort in an uniform way and reveal mathe-
matical structure that is common for many known arguments in the area.
The backbone of this structure is made by certain commutative algebras
depending on the problem in question. Once understood, it gives rise to
the possibility of computer-aided theorem proving in this area based upon
semi-definite programming.

In this talk I will give a general impression of how things work in this
framework; a survey of concrete results obtained with the help of the
method can be found at http://people.cs.uchicago.edu/~razborov/
files/flag_survey.pdf

16



Variations on a problem of Fichera and Stampacchia

Rodrigues J.F. (University of Lisbon, Portugal)

rodrigue@ptmat.fc.ul.pt

The obstacle problem appeared in the mathematical literature about
half a century ago, as a semi-coercive minimization problem considered
by Fichera (1963/64) and as a coercive non-symmetric bilinear form on
convex sets by Stampacchia (1964). While the first work was motivated
by the Signorini problem in elastostatics, the second one started with an
application to second order elliptic operators with discontinuous coeffi-
cients and potential theory. Having in mind an application to a unilateral
thermal membrane problem, we present some recent results for a new
variation of this well-known free boundary problem.

On functional-difference operators related to the modular
double

Takhtajan L. (Stony Brook University, USA)

leontak@math.sunysb.edu

We will discuss the eigenfunction expansion theorem for special func-
tional-difference operators related to Faddeev’s quantum modular double
and non-compact quantum dilogarithm. This is a joint work with L.D.
Faddeev.

On martingales and integrability criteria of trigonometric
series

Talalyan A.A. (Institute of Mathematics NAS, Armenia)

We denote by ∑
n

cne
2πin·x, (1)

n = (n1, n2, . . . , nm), x = (x1, x2, . . . , xm), n · x =
∑
j

njxj ,

multiple trigonometric series, possessing one of the properties
1) |cn| ≤M , ∀n, or
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2) |cn| ≤ M and limnj→∞ cn1,...,nj ,...,nm = 0 for each j and for fixed
ni, i 6= j.

Let {χµ(x)}, µ = (µ1, . . . , µm),where µj runs over all natural numbers,
be the multiple Haar system. If {Qν} is a sequence of domains such that
Q1 ⊂ Q2 ⊂ . . . ⊂ Qν ⊂ . . ., ∪Qν = Rm and Qν contains n and −n
simultaneously, then by SQν we denote the partial sums of series (1) of
the form

SQν (x) =
∑
n∈Qν

cne
2πin·x.

For a given natural k denote by ∆p
k, p = (p1, . . . , pm), 1 ≤ pj ≤ 2k, the

m-dimensional cube of order k defined by

∆p
k =

m∏
j=1

[
pj − 1

2k
,
pj
2k

)
.

We associate with series (1) a multiple series by Haar system∑
µ

aµ(t)χµ(x) (2)

with the coefficients defined by

lim
ν→∞

∫
T

∣∣∣∣aµ(t)−
∫
T
SQν (x+ t)χµ(x)dx

∣∣∣∣2 dt = 0, T = [0, 1)m. (3)

It turns out that the coefficients aµ(t) are defined for almost all t ∈ T and
do not depend on the selection of {Qν}∞ν=1, provided |cn| ≤M .

Theorem 1. The series (1) is a Fourier series if and only if for almost
all t ∈ T the series (2) is a Fourier series of some function ft(x) in Haar
system.

Applying Theorem 1 and some other theorems we prove

Theorem 2. Let the series (1) satisfies property 2) and the sequence
{SQν (x)} has an integrable lower bound, i.e. SQν (x) ≥ g(x) for a.a.
x, g(x) ∈ L1(T) and suppose some subsequence {Qνk} ⊂ {Qν} has the
following properties:

a) If

Φνk(x, t) = |∆p
k|
−1
∫

∆p
k

SQνk (u+ t)du, x ∈ ∆p
k, (4)

then for almost all t ∈ T the sequence Φνk(x, t) converges a.e. to some
integrable function ft(x), x ∈ T.

b) supk |Φνk(x, t)| <∞ for almost all t, and for x outside of a countable
union of hyperplanes Et, which are orthogonal to coordinate axes.
Then (1) is a Fourier series.
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We prove also some theorems generalizing some classical theorems on
integrability of series (1), which (C, 1)-means have uniformly absolute
continuous integrals. We consider also the case, when some conditions
are imposed for other means of series (1). In particular, we prove the
following result:

Theorem 3. The series (1), with |cn| ≤ M , is a Fourier series, if and
only if some sequence {SQνk (x)} have the following properties:

c) there exist sequences εk ↓ 0, δk ↓ 0 and sets Ek ⊂ T, such that
|Ek| > |T | − δk, ∀k,

d) if {∆p
k} is a finite collection of pairwise disjoint cubes of order k

and
∑
p
|∆p

k| < δk, then∣∣∣∣∣
∫
∪∆p

k

Sνk(x+ t)dx

∣∣∣∣∣ < εk, ∀t ∈ Ek.

We use the martingale properties of partial sums of multiple Haar series
in the proofs of all these theorems.
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Performance of greedy algorithm in estimating
Kolmogorov diameters

Wojtaszczyk P. (University of Warsaw, Poland)

wojtaszczyk@icm.edu.pl

The problem we discuss originates from the reduced basis method in-
troduced for the accurate online evaluation of solutions to a parameter
dependent family of elliptic partial differential equations. Abstractly, it
can be viewed as determining a “good” n dimensional space Hn to be
used in approximating the elements of a compact set F in a Hilbert or
Banach space H where solutions live. One, by now popular, computa-
tional approach is to find Hn through a greedy strategy. It is natural
to compare the approximation performance of the Hn generated by this
strategy with that of the Kolmogorov widths dn(F) since the latter gives
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the smallest error that can be achieved by subspaces of fixed dimension
n. The first such comparisons, given in A. Buffa, Y. Maday, A.T. Patera,
C. Prud’homme, and G. Turinici, A Priori convergence of the greedy al-
gorithm for the parameterized reduced basis M2AN Math. Model. Numer.
Anal., 46(2012), 595–603, show that the approximation error in a Hilbert
space, σn(F) := dist(F ,Hn), obtained by the greedy strategy satisfies
σn(F) ≤ Cn2ndn(F). In this talk, various improvements of this result
will be given both in Hilbert and in Banach space case. We discuss both
individual comparison between σn(F) and ds(F) and the estimates for
classes when we assume certain decay of dn(F) and obtain related decay
of σn(F).

This talk reports the joint work with Peter Binev, Albert Cohen, Wolf-
gang Dahmen, Ronald DeVore and Guergana Petrova.

20



Real and Complex Analysis

Optimal uniform and tangential approximation by entire
and meromorphic functions

Aleksanyan S. (Institute of Mathematics of NAS, Armenia)

asargis@instmath.sci.am

In this talk we discuss the problem of optimal uniform and tangential
approximation on the sector ∆α = {z ∈ C : |arg z| ≤ α/2} for α ∈
(0, 2π) by entire and meromorphic functions. The problem of uniform and
tangential approximation on the sector by entire functions was studied by
H. Kober [1], M.V. Keldysh [2], Mergelyan [3], N. Arakelian [4]-[5] and
other authors.

Here we suppose that the approximable function f ∈ A′(∆α), i. e.
f ∈ C ′(∆α) and is holomorphic on the interior of ∆α. We estimate the
growth of the approximating functions on the complex plane depending
on the growth of f on ∆α and the differential properties of f on the
boundary of ∆α.

In the case when the approximating functions are meromorphic, the
growth of the approximating functions was represented by their Nevan-
linna characteristic. Here also we discuss the set of the poles of the ap-
proximating meromorphic functions on the complex plane.
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[5] N. Arakelian, The construction of entire functions of finite order, de-
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Approximation of the differentiation operator by
bounded operators in the space L2 on a half-line

Arestov V.V. (Ural Federal University and Institute of Mathematics
and Mechanics of the Ural Branch of the RAS, Russia)

Vitalii.Arestov@usu.ru

There are many investigations devoted to Stechkin’s problem on the
best approximation of the differentiation operator of order k on the class
of n times differentiable functions by linear bounded operators in the
spaces Lp(I), 1 ≤ p ≤ ∞, on the real line I = (−∞;∞) and the half-line
I = [0,∞) for 0 ≤ k < n; see papers [1, 4] and the references therein. In
particular, Yu.N.Subbotin and L.V.Taikov (1967) have solved this prob-
lem in the space L2(−∞,+∞) for arbitrary k and n, 0 < k < n. In the
space L2(0,∞), an exact solution is unknown even for k = 1 and n = 2;
the present talk is devoted just to this case.

Denote by W 2
2 = W 2

2 (0,∞) the space of functions f ∈ L2(0,∞) infin-
itely differentiable on [0,∞) and such that the derivative f ′ is locally
absolutely continuous on [0,∞) and the second derivative belongs to
L2(0,∞). In W 2

2 = W 2
2 (0,∞), we extract the class Q2

2 = Q2
2(0,∞) of

functions f such that ‖f ′′‖ ≤ 1. Let B(N) be the set of linear bounded
operators in the space L2(0,∞) whose norms are bounded by a num-
ber N > 0: ‖S‖L2→L2 ≤ N. For an operator S ∈ B(N), the value
U(S) = sup

{
‖f ′ − Sf‖ : f ∈ Q2

2(0,∞)
}

is the deviation of the operator S

form the differentiation operator in the space L2(0,∞) on the class Q2
2.

The problem is in studying the value

E(N) = inf {U(S) : S ∈ B(N)} (1)

of the best approximation in the space L2(0,∞) on the class Q2
2 of the

differentiation operator by the set B(N).
Hardy, Littlewood, and Pólya [2, Ch. 7, Sect. 7.8] proved that the sharp

inequality ‖f ′‖2 ≤ 2 ‖f‖·‖f ′′‖ holds on the set W 2
2 (0,∞). From this, with

the help of arguments originated by S.B.Stechkin, it follows the lower
estimate E(N) ≥ 1/(2N) of value (1) (see, for example, [1, Sect. 4, for-
mula (4.6)] for details).

Problem (1) was studied by A.L.Rublev and E.E.Berdysheva. Rublev

has shown that E(N) ≤ 1/( 3
√

4N). Berdysheva [3] has strengthened this
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result and proved that

E(N) ≤ 1/(
√

3N). (2)

During 15 years, this estimate by Berdysheva remained the best known.
It was a hypothesis that an equality is valid in (2). However, it turned out
that this hypothesis is wrong. The following theorem contains an upper
bound for the value of the best approximation (1) that is better than (2).

Theorem 1. The following estimates are valid for the value of the best
approximation (1):

1/(2N) ≤ E(N) ≤ K/N, K =
3
√

4/3. (3)

To prove the upper estimate in (3), we use an approximating operator T
which is constructed as follows. For a function f ∈ L2(0,∞), consider the
differential problem

y′′′ − αy′′ − αy′ + y = f, y ∈ L2(0,∞), y′′(0) = 0,

with α = (2 3
√

4 + 3
√

2− 2)/5. The operator T is defined by the equality

Tf = y′ − αy′′, f ∈ L2(0,∞).

This work is joint with M.A.Filatova [4].

This work was supported by the Russian Foundation for Basic Research
(project no. 11-01-00462) and by the Ministry of Education and Science
of the Russian Federation (project no. 1.1544.2011).
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On Bergman type projections over Besov and mixed
norm spaces

Avetisyan K. and Tonoyan Y.

(Yerevan State University, Armenia)

avetkaren@ysu.am, etonoyan@ysu.am

LetB = Bn be the unit ball in Rn (n ≥ 2), dσ be the (n−1)-dimensional
surface measure on the unit sphere S = ∂B, and dV be the volume mea-
sure on B. Mixed norm spaces L(p, q, α) are defined to be the sets of
those functions f(x) = f(rζ) measurable in B, for which the norm

‖f‖p,q,α =
∥∥∥(1−r)α

∥∥f(r·)
∥∥
Lp(S;dσ)

∥∥∥
Lq(dr/(1−r))

, 1 ≤ p, q ≤ ∞, α ∈ R,

is finite.
We generalize some results due to Zhu, Choe, Jevtić, Pavlović and

others, on boundedness of Bergman type operators

Tβ(f)(x) =

∫
B

(1− |y|2)β−1 Pβ(x, y) f(y) dV (y), x ∈ B,

where Pβ is a Poisson-Bergman type kernel function.
With definitions of Besov spaces Λp,qα of smooth enough functions and

its harmonic subspaces hΛp,qα , we find the image of L(p, q, α) with negative
α under the mappings Tβ .

Theorem 1. For 1 ≤ p, q ≤ ∞, α ≥ 0, β > 0, the operator Tβ continu-
ously maps the space L(p, q,−α) onto hΛp,qα .

We also find another Bergman type operator which continuously pro-
jects Λp,qα onto hΛp,qα .

On one singular set for absolute convergence

Avetisyan R.A. (Yerevan State University, Armenia)

First recall the following

Definition 1. A set E ⊂ [0, 2π]× [0, 2π] is called an absolute convergence
set (AC∗-set) for double trigonometric sine series, if the convergence of
the series

∞∑
m,n=1

|amn sinmx sinny|
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everywhere on E implies
∞∑

m,n=1

|amn| <∞.

A set is called an N∗-set, if it is not an AC∗-set. For general trigono-
metric series this sets are denoted by AC and N , respectively.

It is proved in [3] that every set of positive measure is an AC-set for
multiple trigonometric series. The next result is from [2] (we give it in
the simplified form):

Theorem 1. Let y = f(x), x ∈ [0, 2π] be a continuous monotone function
satisfying f ′(x) 6= 0 a.e. on [0, 2π]. Then every set consisting of the points
of the form (x, f(x)), x ∈ E ⊂ [0, 2π] with mE > 0, is an AC∗-set.

This theorem was extended for general double trigonometric function
(under some more restrictive conditions on f(x)) in [4].

We will say that the curve L is singular, if it is a graph of a continuous,
strictly monotone function y = f(x), the derivative of which is zero almost
everywhere. The first example of such function was constructed in [1]. [2]
contains an example of singular curve, which is an N∗-set.

Here we announce the following result:

Theorem 2. There exists a singular curve, which is an AC∗-set.
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Banach-Steinhaus theorem for subspaces

Berezhnoi E. (Yaroslavl State University, Russia)

ber@uniyar.ac.ru

In the geometric theory of Banach spaces the well known resonance
theorem or Banach-Steinhaus theorem states: if the sequence of the norms
of operators An : X → Y is unbounded, then there exists a set of second
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category V ⊂ X, such that for each x ∈ V ,

supn∈N‖Anx|Y ‖ =∞.
In the classical version of Banach-Steinhaus theorem the spaces and op-
erators are linear. We consider the following problem:

Problem. A. Suppose that we are given two Banach spaces X, Y and a
sequence of linear operators An : X → Y satisfying

supn∈N‖An : X → Y ‖ =∞.
Does there exists a subspace Z ⊂ X of the dimension greater than 1
(infinite-dimensional subspace Z ⊂ X) such that for all x ∈ Z, x 6= 0,

supn∈N‖Anx|Y ‖ =∞?

Theorem 1. Let X, Y be Banach spaces and the sequence of operators
An : X → Y satisfy

‖An|X → Y ‖ = αn <∞,
sup
n
αn =∞,

and for some subspace Z ⊂ X, ∀ z ∈ Z
sup
n
‖Anz|Y ‖ <∞,

sup
z∈Z;‖z|X‖≤1

‖Anz|Y ‖ = αn.

Then there exists a subspace of infinite dimension X0 ⊂ X such that ∀
x ∈ X0, x 6= 0 the equality

sup
n
‖Anx|Y ‖ =∞

is valid.

This work was done under partial support of RFFI, project 11-01-
00321.
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Signs and permutations: Two problems of the function
theory

Chobanyan S.A. and Tarieladze V.I.

(Georgian Technical University, Georgia)

chobanyan@stt.msu.edu, vajatarieladze@yahoo.com

We apply the technique of the transference lemma

a) to get a refined version of the Garsia inequality for orthogonal
systems (the case p ≥ 2);

b) to show that the (σ,θ)-condition on the Fourier series of a contin-
uous 2π-periodic function f implies the uniform convergence of a
rearrangement of the series to f .

The talk is based on [1].
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Averaging of spectral measures associated with the
Weyl-Titchmarsh m-function

Christodoulides Y. (Frederick University, Cyprus)

eng.cy@frederick.ac.cy

We consider averages of spectral measures of the form

κ(A) =

∫ b

a

ρθ(A)dν(θ),

where {ρθ} is a family of spectral measures associated with the Weyl-
Titchmarsh m-function for the Schrödinger equation on the half-line, and
ν is an arbitrary Herglotz measure. We show that the measure κ cor-
responds to a composition of Herglotz functions, and we examine the
properties of κ by considering the boundary values of the functions un-
dergoing composition. We give precise conditions for absolute continuity
and the discrete part of κ.
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Polynomial approximations on the closed subsets of the
unit circle and applications

Danielyan A. (University of South Florida, USA)

adaniely@usf.edu

Let F be an arbitrary closed subset on the unit circle T in the complex
plane, and let f be a continuous complex valued function on F . We
consider the problem of uniform approximation of f on F by (analytic)
polynomials Pn that are uniformly bounded on T by a positive number
M (M = Mf ); the problem is asking to find the necessary and sufficient
conditions on f providing the possibility of such approximation of f . In a
particular case when F is a closed arc of T , the problem has been solved
by L. Zalcman in 1982. We presents the complete solution of the problem
in the general case. Some further questions will be discussed as well. In
particular, as an application of the main result we derive a new proof for
the classical interpolation theorem of W. Rudin and L. Carleson. The new
approach also allows to give an alternative simple proof for E. Bishop’s
peak-interpolation theorem.
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Nikol’skii inequality for algebraic polynomials on a sphere
and an interval

Deikalova M.V. (Ural Federal University and Institute of Mathematics
and Mechanics of the Ural Branch of the RAS, Russia)

Marina.Deikalova@usu.ru

Let Rm, m ≥ 2, be the Euclidean space with the inner product xy =∑m
k=1 xkyk, x = (x1, x2 . . . , xm), y = (y1, y2, . . . , ym), and the norm

|x| =
√
xx. Let Sm−1 = {x ∈ Rm : |x| = 1} be the unit sphere of the

space Rm centered at the origin. Denote by Pn,m the set of algebraic
polynomials Pn(x) =

∑
cαx

α, α1 + . . . + αm ≤ n, α = (α1, . . . , αm) ∈
Zm+ , xα = xα1

1 xα2
2 · · ·xαmm of degree (at most) n in m (real) variables with

real coefficients cα.
The main goal of this talk is the best constant C(n,m)q in the inequal-

ity

‖Pn‖C(Sm−1) ≤ C(n,m)q ‖Pn‖Lq(Sm−1), Pn ∈ Pn,m, 1 ≤ q <∞, (1)

between the uniform norm and the integral q-norm of a polynomial of
given degree on the unit sphere. We will say that a polynomial P ∗n is
the unique extremal polynomial in inequality (1) if this polynomial is
extremal in (1) (i.e., (1) turns into an equality for this polynomial) and
the restriction of any other extremal polynomial P ∗∗n to the sphere is
representable in the form P ∗∗n (x) = cP ∗n(Ax), x ∈ Sm−1, where A is an
orthogonal transformation of the space Rm and c ∈ R, c 6= 0.

For a weight v and a parameter q, 1 ≤ q < ∞, consider the space
Lvq(−1, 1) of functions f measurable on the interval (−1, 1) and such that
the function |f |q is summable on (−1, 1) with weight v. This is a Banach

space with respect to the norm ‖f‖Lvq (−1,1) =

(∫ 1

−1

|f(t)|q v(t) dt

)1/q

,

f ∈ Lvq(−1, 1).

Denote by M(n, φ)q and M̃(n, φ)q the least constants in the inequalities

‖p‖C[−1,1] ≤M(n, φ)q ‖p‖Lφq (−1,1), p ∈Pn = Pn,1, (2)

|p(1)| ≤ M̃(n, φ)q ‖p‖Lφq (−1,1), p ∈Pn, (3)

respectively, where φ(t) = (1−t2)α, α = m−3
2 , is the ultraspherical weight.

For n ≥ 1, let P1
n be the set of algebraic polynomials in one variable of

degree n with leading coefficient equal to 1. Denote by %n the polynomial
from P1

n that deviates least from zero in the space Lψq (−1, 1) with weight
ψ(t) = (1− t)φ(t); i.e.,

min{‖pn‖Lψq (−1,1) : pn ∈P1
n} = ‖%n‖Lψq (−1,1). (4)
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Theorem 1. For n ≥ 1, m ≥ 3, and 1 ≤ q <∞, the following assertions
are valid.

1. The best constants in inequalities (1), (2), and (3) are connected by
the following relations:

M̃(n, φ)q = M(n, φ)q = |Sm−2|1/q C(n,m)q, (5)

where |Sm−2| is the Lebesgue measure of the unit sphere from the space
Rm−1.

2. The polynomial %n that deviates least from zero on (−1, 1) with re-
spect to the norm of the space Lψq (−1, 1), as zonal polynomial in one

variable t = xm, x = (x1, x2, . . . , xm) ∈ Sm−1, is the unique extremal poly-
nomial in inequality (1).

3. The polynomial %n is the unique extremal polynomial both in inequal-
ity (3) and in inequality (2).

This work is joint with V.V.Arestov [1]. The results for q = 1 were
obtained earlier in [2].

This work was supported by the Russian Foundation for Basic Research
(project no. 11-01-00462) and by the Ministry of Education and Science
of the Russian Federation (project no. 1.1544.2011).
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L1 and uniform convergence of series by the generalized
Walsh system

Episkoposian S.A. (State Engineering University of Armenia, Armenia)

sergoep@ysu.am

Let a be a fixed integer, a ≥ 2 and ωa = e
2πi
a .

First we give the definitions of generalized Rademacher and Walsh
systems.
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Definition 1. The Rademacher system of order a is defined by

ϕ0(x) = ωka if x ∈
[
k

a
,
k + 1

a

)
, k = 0, 1, ..., a− 1,

and for n ≥ 0

ϕn(x+ 1) = ϕn(x) = ϕ0(anx).

Definition 2. The generalized Walsh system of order a is defined by

ψ0(x) = 1,

and if n = α1a
n1 + ...+ αsa

ns with n1 > ... > ns, then

ψn(x) = ϕα1
n1

(x) · ... · ϕαsns (x).

The basic properties of the generalized Walsh system of order a are
obtained by H.E.Chrestenson, J. Fine, C. Vatari, N. Vilenkin and others.
Let’s denote the generalized Walsh system of order a by Ψa. Note that
Ψ2 is the classical Walsh system.

In this talk we discuss the problem of uniform and L1 convergence of
Fourier series of functions with respect to the generalized Walsh system,
after modifying the function on a small set.

Note that Luzin’s idea of modification of a function improving its prop-
erties was substantially developed later on.

In 1939, Men’shov proved the fundamental theorem (the C-strong prop-
erty of function). Further interesting results in this direction were ob-
tained by many famous mathematicians. In 1991 M. Grigorian proved
the L1-strong property for the trigonometric and classical Walsh systems.

In [1] we prove the following:

Theorem 1. For any 0 < ε < 1 and any f ∈ L1[0, 1) one can find a
function g ∈ L1[0, 1), mes{x ∈ [0, 1) ; g 6= f} < ε, such that its Fourier
series by the system Ψa converges in L1 to g(x) and nonzero Fourier
coefficients are monotonically decreasing by absolute values.

Moreover, the following is true:

Theorem 2. For any measurable, almost everywhere finite function f(x)
on [0, 1) and any 0 < ε < 1, there exists a function g(x) ∈ L∞[0, 1)
with |{x ∈ [0, 1) : g(x) 6= f(x)}| < ε such that its Fourier series by
Ψa, a ≥ 2, converges to g(x) uniformly on [0, 1), and the sequence of
coefficients {|ck(g)| : k ∈ spec(g)} is decreasing.
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On the negative order Cesaro means of the Fourier series
in the trigonometric and Walsh systems

Galoyan L.N. (Yerevan State University, Armenia)

levongaloyan@ysu.am

Let Sn(x, f), n = 0, 1, ... be the partial sums of the Fourier series in the
trigonometric system of an integrable function f(x). For a real number
α > −1 the sums

σαn(x, f) =
1

Aαn
·
n∑
k=0

Aα−1
n−kSk(x, f), n = 0, 1, ...

are called the α-th order Cesaro means or (C,α) means of the Fourier
series of f(x), where

Aα0 = 1, Aαk =
(α+ 1)(α+ 2)...(α+ k)

k!
, k = 1, 2, ....

In particular, the (C, 0) means coincide with partial sums, i.e. σ0
n(x, f) =

Sn(x, f), n ∈ N . The Cesaro means of the Fourier-Walsh series are defined
similarly.

According to the classical theorem of Fejer-Lebesgue, the positive order
Cesaro means of the Fourier series in the trigonometric system of any inte-
grable function converge almost everywhere. J. Fine proved an analogous
theorem for the Walsh system. (C, 0) means of the Fourier series of an
integrable function can diverge almost everywhere. On the other hand, it
is known that (C, 0) means of Fourier series of any integrable function in
the trigonometric system or Walsh system possess an almost everywhere
convergent subsequence. In connection with this, for the trigonometric
system D.E.Menshov [1] stated a problem: will the statement remain
true if the ordinary convergence is replaced by the negative order Cesaro
summation methods? In other words, do there exist an almost everywhere
convergent subsequence of the negative order Cesaro means of the Fourier
series of any integrable function? Besides, in [1] the following theorem is
proved.

Theorem. M (D.E.Menshov) There exist an integrable function such
that any subsequence of the α-th order Cesaro means (α ∈ (−1, 0)) se-
quence of the Fourier series of that function is divergent on a set of posi-
tive measure.

In [2] the author proved an analogous theorem for the Walsh system.
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In this report we will present a generalization of Theorem M, and also
we will investigate some properties of negative order Cesaro means of the
Fourier series in the trigonometric system and in the Walsh systems with
monotone coefficients, in particular, we will consider the convergence of
negative order Cesaro means of these series in Lp, p > 1 metrics.
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On self-commutators of some operators

Gevorgyan L.Z. (State Engineering University of Armenia, Armenia)

levgev@hotmail.com

It is known that for any Hilbert space operator A the self-commutator
AA∗ −A∗A satisfies the following inequality

‖AA∗ −A∗A‖ ≤ ‖A‖2 .
This inequality can be sharpened.

Proposition. Let N (A) be the set of all normal operators, commuting
with A. Then

‖A∗A−AA∗‖ 6 inf
M∈N(A)

‖A+M‖2 .

We calculate the both sides of this expression for
a) the Volterra integration operator in L2 (0 ; 1) defined by the formula

(V f) (x) =

x∫
0

f (t) dt,

b) the Hardy operator in L2 (0 ; 1) defined by the formula

(Hf) (x) =
1

x

x∫
0

f (t) dt,

c) the operator of the multiplication by the independent variable in the
Bergman space of analytic in the unit disk functions, square integrable
with respect to the ordinary Lebesgue plane measure.
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General Franklin periodic systems as bases in B1

Gevorkyan G.G. (Yerevan State University, Armenia)

ggg@ysu.am

The space B1 was introduced in [1]. Let T be the unit circle.

Definition 1. A real-valued function b, defined on T , is a special atom,

if either b(t) ≡ 1

2π
or b(t) =

1

|I|
χL(t) − 1

|I|
χR(t), where I is an interval

on T , L is the left half of I and R is the right half.

Definition 2. The function space B1 is defined by

B1 = {f : T → R; f(t) =

∞∑
n=1

cnbn(t),

∞∑
n=1

|cn| <∞},

where bn are special atoms. Denote ‖f‖B1 = inf
∑∞
n=1 |cn|, where the

infimum is taken over all representation of f .

It is known that B1 ⊂ H1 ⊂ L1 and B1 6= H1 6= L1.
The definitions of general Franklin periodic systems, strong regularity

and strong regularity for pairs of partitions T of [0; 1] were given in [2],
[3].

Theorem 1. Let T be a partition of [0; 1] with the corresponding Franklin
system {fn}∞n=0. Then {fn}∞n=0 is a basis in B1 if and only if T satisfies
the strong regularity condition for pairs.

Theorem 2. Let T be a partition of [0; 1] with the corresponding Franklin
system {fn}∞n=0. Then {fn}∞n=0 is an unconditional basis in B1 if and only
if T satisfies the strong regularity condition.
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On general Franklin systems on R1

Gevorkyan G.G. and Keryan K.A.

(Yerevan State University, Armenia)

ggg@ysu.am, karenkeryan@yahoo.com

By a general Franklin system on R1 we mean an orthonormal system,
which n-th function is a spline of order 2 having n + 1 knots. Obvi-
ously, these functions vanish outside of the minimal interval containing
the corresponding knots. This definition is analogous to the one for gen-
eral Franklin system. It turns out that the Dirichlet kernel for this system
have uniformly bounded L1 norms and

lim
n→∞

∫
|x−t|>δ

|Kn(x, t)|dt = 0, ∀ δ > 0.

From these properties one can deduce that for any compactly sup-
ported function f ∈ C(R) the corresponding partial sums of Fourier series
Sn(f, x) uniformly converge to f(x) on R, and also basisness of general
Franklin system on R1 in Lp(R), for any p ∈ (1,∞) and any admissible
sequence.

Let ϕ(x) be even function, increasing on [0,∞). Define

Cϕ(R) = {f ∈ C(R) : |f(x)| ≤ cϕ(x), for some c > 0 and ∀x ∈ R}.
Now consider a partition T constructed in the following way. Take

t0 = 0, t1 = −1, t2 = 1. In the second step add points t3 = −2, t4 = − 1
2 ,

t5 = 1
2 , t6 = 2. And in the n-th step let t2n−1 = −n, and then successively

add from the left to the right the midpoints of intervals obtained by the
points defined before the n-th step, and define t2n+1−2 = n. Continuing
in that way we will get a sequence T , which will be dense in R. Let
{fn(x)}∞n=2 be the corresponding Franklin system. Then the following
theorems are true:

Theorem 1. Suppose

lim
n→∞

lnϕ(n)

2n
= 0.

Then for any function f ∈ Cϕ(R) the partial sums Sn(f, x) of Fourier-
Franklin series of the function f local uniformly converge to f(x).

Theorem 2. If limn→∞lnϕ(n)/(2n) > 0, then there exists a function
f ∈ Cϕ(R) such that Sn(f, x) don’t converge to f(x) at some points.

By the methods developed in [1] it can be also proved the following
theorem:

Theorem 3. For any admissible sequence on R the corresponding Frank-
lin system on R1 is an unconditional basis in Lp(R), 1 < p <∞.
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On fractional derivatives of trigonometric polynomials

Glazyrina P.Yu. (Ural Federal University and Institute of Mathematics
and Mechanics of the Ural Branch of the RAS, Russia)

Polina.Glazyrina@usu.ru

Let Tn be the set of trigonometric polynomials

fn(t) = a0 +

n∑
k=1

(ak cos kt+ bk sin kt), ak, bk ∈ R,

and Dα
βfn be the Weyl fractional derivative of order α ∈ R with shift β

of a polynomial fn,

Dα
βfn(t) =

n∑
k=1

kα
(
ak cos(kt+ απ/2 + β) + bk sin(kt+ απ/2 + β)

)
.

We will discuss sharp estimates of the Lp-norm of Dα
βfn via the uniform

norm of fn and via the Lp-norm of fn for 0 ≤ p < 1. In particular, we
show that the sharp inequality ‖Dα

βfn‖p ≤ nα‖ cos t‖p‖fn‖∞ holds for
α ≥ 1, β ∈ R and 0 ≤ p < 1. For p =∞, α ≥ 1 and β = 0, this fact was
proved by Lizorkin (1965). For 1 ≤ p <∞, positive integer α and β ∈ R,
the inequality was proved by Taikov (1965); however, in this case, the
inequality follows from results of an earlier paper by Calderon and Klein
(1951). For 1 ≤ p <∞, α ≥ 1, β ∈ R, it was proved by Kozko (1998).

The results were obtained by the author jointly with V.V. Arestov.

This work was supported by the Russian Foundation for Basic Research
(project no. 12-01-31495) and by the Ministry of Education and Science
of the Russian Federation (project no. 1.1544.2011).
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Boundedness of Stein’s spherical maximal function in
variable Lebesgue space and application to the wave

equation

Gogatishvili A. (Institute of Mathematics of the Academy of Sciences,
Czech Republic and Tbilisi State University, Georgia)

gogatish@math.cas.cz

This is a joint work with Alberto Fiorenza and Tengiz Kopaliani.

Define the Spherical Maximal operator M by

Mf(x) := sup
t>0
|ut ∗ f(x)|,

where ut denotes the normalized surface measure on the sphere of center
0 and radius t in Rn.

We say that a function p : Rn → (0,∞) is locally log-Hölder continuous
on Rn if there exists c1 > 0 such that

|p(x)− p(y)| ≤ c1
1

log(e+ 1/|x− y|)
for all x, y ∈ Rn. We say that p(·) satisfies the log-Hölder decay condition,
if there exist p∞ ∈ (0,∞) and a constant c2 > 0 such that

|p(x)− p∞| ≤ c2
1

log(e+ |x|)
for all x ∈ Rn. We say that p(·) is globally log-Hölder continuous in
Rn (p(·) ∈ Plog), if it is locally log-Hölder continuous and satisfies the
log-Hölder decay condition.

Denote p− = ess infx∈Rnp(x) and p+ = ess supx∈Rnp(x).

Theorem 1. If p(·) ∈ Plog and n
n−1 < p− ≤ p+ ≤ p−(n− 1), then

‖Mf‖p(·) . ‖f‖p(·).

The result is then interpreted as the preservation of the integrability
properties of the initial velocity of propagation to the solution of the
initial-value problem for the wave equation.
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Convergence of logarithmic means of Multiple Fourier
series

Goginava U. and Gogoladze L.

(Tbilisi State University, Georgia)

zazagoginava@gmail.com, lgogoladze1@hotmail.com

The maximal Orlicz spaces such that the mixed logarithmic means of
multiple Fourier series for the functions from these spaces converge in
measure and in norm are found.

Toeplitz operators on weighted Besov spaces of
holomorphic functions on the polydisk

Harutyunyan A. (Yerevan State University, Armenia)

anahit@ysu.am

Let S be the space of functions of regular variation, ω ∈ S. We char-
acterize those symbols h for which the corresponding Toeplitz operators
are bounded on weighted Besov spaces Bp(ω) of holomorphic functions on
the polydisk for some 1 ≤ p < ∞. As an application, a division theorem
on “good inner” functions is obtained in Bp(ω).

This is a joint work with W. Lusky.

Uniform continuity and weak almost periodicity on
locally compact quantum groups

Heidarirad Z. and Pryde A.

(Monash University, Australia)

Zohreh.Rad@monash.edu, Alan.Pryde@monash.edu

For a locally compact group G, a bounded continuous function f is
left uniformly continuous if the map t 7→ Ltf , for t ∈ G, is continuous at
the identity of the group. Here Ltf is the left translation of f by t ∈ G.
The set of all left uniformly continuous functions on G which is a C∗-
subalgebra of Cb(G) is denoted by LUC(G). By Cohen factorization we
have LUC(G) = L∞(G).L1(G).
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For a locally compact quantum group G in 2008 Runde defined the
space LUC(G) of left uniformly continuous and the space WAP(G) of
weakly almost periodic elements in L∞(G) and showed that WAP(G)
contains C0(G) and, whenever G is co-amenable, is contained in LUC(G).
We introduce a different approach to uniform continuity and (weak) al-
most periodicity, using completely bounded multipliers of L1(G). We
show that our definitions are equivalent to Runde’s definitions, provided
that G is co-amenable. We prove that in this new version every weakly al-
most periodic element in L∞(G) is uniformly continuous, for every locally
compact quantum group G.

Phase unwrapping problem

Jiang M. (Peking University, China)

ming-jiang@pku.edu.cn

Phase unwrapping is a classical problem which arises from many bran-
ches of applied physics and engineering, such as optical interferometry,
x-ray phase contrast imaging, MRI, and synthetic aperture radar, etc. In
these applications, true phase values from an imaged object are “wrapped”
in one principal range such as (−π, π]. This results in not only disconti-
nuities in the measured phase values, but also ambiguities of phase val-
ues. Phase unwrapping problem is to restore true phase values from the
measured phase data which are wrapped and corrupted by noise. Phase
unwrapping is essentially ill-posed due to the ambiguity resulted from the
wrapping operator. In our previous work, we developed algorithms for
2-dimensional phase unwrapping problem. One is based on the integer
optimization approach and one is based on the Neumann problem of the
Poissons equation.

In this talk, we will discuss the sampling issues with the phase un-
wrapping problem. We have established a sampling formula when the
phase gradient is band-limited and its gradient is less than -times of the
Nyquist frequency. When this sampling condition on the gradient fails,
or when the phase is not band-limited, we have estimated reconstruction
errors for band-limited, or exponentially or polynomially decayed phases,
respectively, in terms of the sampling interval.

This is a joint work with Wenchang Sun from Nankai University.
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On the divergence sets of Walsh-Fourier series of
continuous functions

Karagulyan G. A. (Institute of Mathematics NAS, Armenia)

g.karagulyan@yahoo.com

In 1965 Kahane and Katznelson [3] proved that for any set E ⊂ T of
Lebesgue measure zero there exists a continuous complex valued function,
which Fourier series diverges on E. Using the basic lemma of [3], in 1970
Buzdalin [2] constructed a real valued function with the same property.
The investigations of the analogous problem for the Walsh-Fourier series
were started in the papers [6], [7], [8], [1]. In [6] Simon constructed a
continuous function which Walsh-Fourier series diverges on an uncount-
able set of measure zero. Harris and Wade [7] constructed a perfect set
of zero measure which is a set of divergence for a Walsh-Fourier series of
continuous function. Bugadze [1] proved that for a given set E of measure
zero there exists a bounded function which Walsh-Fourier series diverges
at any point of E. Similar theorems for general sequences of operators
were considered in [4], [5]. We prove

Theorem. For any set E ⊂ [0, 1] of zero measure there exists a contin-
uous function on [0, 1], which Walsh-Fourier series diverges at any point
x ∈ E.

The proof of the theorem is constructive and applicable also for the
trigonometric and Vilenkin systems, while in the method of Kahane and
Katznelson analytic functions were used.
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On β-uniform algebras H∞
β (∆)

Karakhanyan M.I. (Yerevan State University, Armenia)
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Let Cb(∆) be the Banach algebra of all bounded, continuous, complex
valued functions with sup-norm on the open unit disk ∆ = {z ∈ C : |z| <
1}, and C0(∆) be the ideal in Cb(∆) consisting of functions whose limit
is zero at the boundary T = {z ∈ C : |z| = 1}.

If we introduce the topology in the algebra Cb(∆) with the help of
the family of semi-norms {Pg}g∈C0(∆), where Pg(f) = sup

∆
|fg|, then the

resulting topological algebra, which we will denote by Cβ(∆), is complete
in this topology. Recall that a closed subalgebra A(∆) of the algebra
Cβ(∆) is called β-uniform, if it contains constants and separates the points
of ∆. Since the topology of sup-norm is stronger that the β-uniform
topology, it follows that a β-uniform algebra is a closed subalgebra of the
Banach algebra Cb(∆) with sup-norm.

In what follows Aβ(∆) is the algebra A(∆) equipped with β-uniform
topology, and denote by A∞(∆) the algebra A(∆) equipped with sup-
norm topology. Denote also by MAβ(∆) the set of all β-continuous linear
multiplicative functionals on β-uniform algebra Aβ(∆) and by MA∞(∆)

the space of maximal ideals of uniform algebraA∞(∆). Clearly, MAβ(∆) ⊂
MA∞(∆). If ∂A∞(∆) is the Shilov boundary for algebra A∞(∆), then we
call a Shilov β-boundary for algebra Aβ(∆) the set ∂A∞(∆) ∩ ∆ and
denote it by ∂Aβ(∆) (see [1, 2, 3]).

Let Aβ(∆) = H∞β (∆), then the following statements are true:

1. The algebra H∞β (∆) is a β-uniform subalgebra in Cβ(∆);
2. MH∞β (∆) = ∆;

3. The Shilov β-boundary for the β-uniform algebra H∞β (∆) is empty:

∂H∞β (∆) = ∅;
4. There exists a linear multiplicative functional ϕ : H∞β (∆) → C,

which is not continuous in the β-topology.
In connection with the corona problem we will say that the β-uniform

algebra Aβ(∆) has no corona, if MAβ(∆) is dense in a ∗-weak topology
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in MA∞(∆). It’s known (see [4]) that a unit disk ∆ can be homeomor-
phly imbedded in MH∞(∆). The famous Carleson theorem about corona
(see [5]) says that the disk ∆ is dense in MH∞(∆). Using statements 2
and 3, we obtain the following assertion:

5. The β-uniform algebra H∞β (∆) has no corona.
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Weighted integral representations in tube domain over
real unit ball

Karapetyan A.H. (Institute of Mathematics NAS, Armenia)

armankar2005@rambler.ru

Let B = {(y1, y2, . . . , yn) ∈ Rn : |y|2 ≡ y2
1 + y2

2 + · · · + y2
n < 1} be the

real unit ball in Rn and γ(y) > 0, y ∈ B, be a continuous function of the
class L1(B; dy). For 1 ≤ p ≤ 2, 1/p ≤ s < +∞ we consider the space of
functions f holomorphic in the tube domain TB = {z = x+ iy ∈ Cn : x ∈
Rn, y ∈ B} and satisfying the condition∫

B

(∫
Rn
|f(x+ iy)|pdx

)s
· γ(y)dy < +∞.

For these classes the following integral representation is obtained (z ∈ TB):

f(z) =
1

(2π)n

∫
TB

f(w)Φ(z, w)γ(v)dudv (w = u+ iv),

where the kernel Φ(z, w) is holomorphic in z, antiholomorphic in w and
is written in the following explicit form:

Φ(z, w) =

∫
Rn

ei<z−w,t>

γ∗(2t)
dt, z, w ∈ TB ,

where
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γ∗(t) ≡
∫
B

e−<t,y> · γ(y)dy, t ∈ Rn.

Moreover, if 0 < δ < 2, then

|Φ(z, w)| ≤ const(δ; γ;n)

δn

uniformly in z = x+ iy, w = u+ iv ∈ TB with |y|+ |v| ≤ 2− δ.

On directionally differentiable selections of set-valued
mappings

Khachatryan R.A. (Yerevan State University, Armenia)

Khachatryan.Rafik@gmail.com

In the paper, with the help of directionally differentiable selections,
derivatives of some set-valued mappings with convex and nonconvex im-
ages are constructed. A basic result on the existence of continuous se-
lections is the Michael’s theorem [3] concerning the case of lower semi-
continuous mappings with closed convex images. In the paper we prove a
theorem that is more precise than the Michael’s theorem for some classes
of set-valued mappings.

By Bε(x) we denote the closed ball of radius ε centered at x. If a :
Rn → R2m is a set-valued mapping, then

graf(a) = {(x, y) : y ∈ a(x)}, dom(a) = {x : a(x) 6= ∅}.

A selection for a set-valued mapping a : Rn → R2m is defined as a single-
valued map y(x) such that y(x) ∈ a(x) for all x ∈ dom(a).

Definition 1. [4] Let M be a subset of Rn. Then the set

M0 = {x ∈M : ∀y ∈M λx+ (1− λ)y ∈M, ∀λ ∈ [0, 1]}

is called the starlike kernel of M . If M0 6= ∅ then M is called a starlike set.
We denote by a0 the set-valued mapping, the graph of which represents the
set (graf(a))0.

Definition 2. [5]. The contingent cone KM (x) to the set M at x ∈ M
is the upper topological limit of the form

KM (x) = lim
λ↓0

sup
M − x0

λ
= {v ∈ Rn : lim

λ↓0
infρ(v, λ−1(M − x0)) = 0},

i.e. v ∈ KM (x) if for any α > 0, ε > 0 there exists u ∈ Bε(0), h ∈ (0, α]
such that x+ hu ∈M.
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Definition 3. [1]. A cone K ⊆ KM (x) is called a tent at x ∈M, if there
exists a mapping r, defined on some neighborhood U of zero, such that

x+ x̄+ r(x̄) ∈M, if x̄ ∈ K
⋂
U and

r(x̄)

‖x̄‖
→ 0 as x̄→ 0.

The tent K is called continuous, if the map r is continuous.

Definition 4. [2]. A mapping is called directionally differentiable at the
point x0, if for all x̄ ∈ Rn the limit

y′(x0, x̄) = lim
λ↓0

y(x0 + λx̄)− y(x0)

λ

exists.

Let a be a set-valued mapping and (x0, y0) ∈ graf(a). Denote by
DK(x0, y0) the set-valued mapping, the graph of which represents the
cone K ⊆ Kgraf(a)(x0, y0).

Definition 5. The set-valued mapping DKa(x0, y0) is called the deriva-
tive of a at the point z0 ≡ (x0, y0) ∈ graf(a).

The following statement is valid.

Theorem 1. Let a : Rn → 2R
m

be a set-valued mapping with starlike
graph possessing a convex, closed sets of values. Suppose

(x0, y0) ∈ graf(a0), x0 ∈ int dom(a0).

Then for any (x̂, ŷ) ∈ graf(DKgraf(a)(x0, y0)) there exists a directionally
differentiable selection y of a defined in some neighborhood of x0 and

y(x0) = y0, y
′(x0, x̂) = ŷ, y(x̄) ∈ DKgraf(a)(x0, y0)(x̄) ∀x̄ ∈ Rn.

Theorem 2. Let a : Rn → 2R
m

be a set-valued mapping and let a con-
vex closed cone K ⊆ Kgraf(a)(x0, y0) be a continuous tent to graf(a) at

the point (x0, y0). Suppose that dom(DKa(x0, y0)) = Rn. Then for any
(x̂, ŷ) ∈ K there exists a directionally differentiable selection y of a, de-
fined in some neighborhood of x0 such that

y(x0) = y0 and y′(x0, x̂) = ŷ y(x̄) ∈ DKa(x0, y0)(x̄) ∀x̄ ∈ Rn.
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On the convergence of hard sampling operators

Kobelyan A. and Grigoryan M.

(Yerevan State University, Armenia)
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We will consider the convergence of hard sampling operators with re-
spect to the Haar double system. Let {hn(x)}∞n=1 be the Haar orthonor-
mal system. For any f(x, y) ∈ L[0,1]2 denote

cn(f,H) = ci,k(f,H) =

∫ ∫
[0,1]2

f(x, y)hi(x)hk(y)dxdy.

The spectrum of f(x, y) (denoted by spec(f)) is the index set where
cn(f) is non-zero: spec(f) = {n, cn(f) 6= 0,n = (i, k)}.

The operator

Tλ(f, x, y) =
∑
|ci,k|>λ

ci,k(f)hi(x)hk(y), λ > 0

is called a hard sampling operator.
Let B be the class of sequences {bn} such that

bn = 2−
(m+l)

2 b̂(1)
m b̂

(2)
l ,

where n = (i, k), i ∈ (2m, 2m+1], k ∈ (2l, 2l+1] and {b̂qs}∞s=0 /∈ l2, b̂
(q)
s ↘

0, q = 1, 2.
The following theorems are true for hard sampling operators:

Theorem 1. Suppose that {bn} ∈ B and ε > 0. Then for each mea-
surable function f(x, y), (x, y) ∈ [0, 1]2 there exists a bounded function
g(x, y), (x, y) ∈ [0, 1]2, such that

1. mes{x, g(x, y) 6= f(x, y)} < ε,
2. Tλ(g, x, y)⇒ g(x, y) as λ→ 0 (uniformly on [0, 1]2),
3. cn(g) = bn for all textbfn = (i, k) ∈ spec(g).

Theorem 2. Suppose that {bn} ∈ B and ε > 0. Then there exists a
measurable set Eε ⊂ [0, 1]2 with measure mesEε > 1 − ε, such that for
every function f ∈ L1

Eε
there is a function g ∈ L1

[0,1]2 coinciding with

f(x, y) on Eε and satisfying the following statements:

1. Tλ(g, x, y) converges to g(x, y) a.e on [0, 1]2 and in L1
[0,1]2 norm

as λ→ 0,
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2. both the rectangular and the spherical partial sums of the double
Fourier-Haar series of g converge to it almost everywhere,

3. cn(g) = bn for all n = (i, k) ∈ spec(g).

An interpolatory estimate for the UMD–valued directional
Haar projection

Lechner R. (Johannes Kepler University, Austria)

lechner@bayou.uni-linz.ac.at

The Calculus of Variations, in particular the theory of compensated
compactness has long been a source of hard problems in harmonic analysis.
One development started with the work of F. Murat and L. Tartar, where
the decisive theorems were on Fourier multipliers of Hörmander type. Us-
ing time–frequency localizations relying on Littlewood–Paley and wavelet
expansions, as well as modern Calderon–Zygmund theory, S. Müller and
J. Lee, P. F. X. Müller, S. Müller extended and strengthened the results
obtained by Fourier multiplier methods.

In this paper we avoid this time–frequency localization by utilizing
T. Figiel’s canonical martingale decomposition instead, which permits us
to further extend the results to the Bochner–Lebesgue space LpX(Rn),
provided X satisfies the UMD–property. Given n ≥ 2, 1 < p < ∞ and
ε = (ε1, . . . , εn) ∈ {0, 1}n \ {0}, define the directional Haar projection by

P (ε)u =
∑
Q∈Q〈u, h

(ε)
Q 〉h

(ε)
Q |Q|−1, for all u ∈ LpX(Rn). The Haar function

h
(ε)
Q is supported on the dyadic cube Q, has zero mean in each of the

coordinates i whenever εi = 1, and h
(ε)
Q (Q) = {±1}. Let Ri, 1 ≤ i ≤ n

denote the Riesz-transform acting on the i–th coordinate. If εi0 = 1 and
LpX has type T (LpX), the main result of this paper is the interpolatory
estimate

‖P (ε)u‖LpX ≤ C ‖u‖
1/T (LpX)

LpX
· ‖Ri0u‖

1−1/T (LpX)

LpX
,

holding true for all u ∈ LpX , where C > 0 depends only on n, p, X and
T (LpX).
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Equivalence of the absolute and unconditional
convergences for wavelet systems

Martirosyan Anush
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It is known that the absolute and unconditional convergences are equiv-
alent for numerical series, but for functional series this fact is not true in
general. But there are functional series for which this equivalence remains
true. For example, series by Haar system (see [3]), classical Franklin sys-
tem (see [1]) or by general Franklin system ([2]) satisfy this property.

We consider similar problem regarding the wavelet systems.
Let f be a wavelet and fjk(x) = 2j/2f(2jx − k), x ∈ R, j, k ∈ Z.

Consider the following piecewise constant function ϕ(x) =
∫m+1

m
|f(t)|dt,

when x ∈ [m,m+ 1), m ∈ Z. We assume that there exist functions Φ1(x)
and Φ2(x) and constants C > 0 and 0 < q < 1 s.t.

Φ1(x) ≤ ϕ(x) ≤ Φ2(x), x ∈ R, (1)

Φ2(x) ≤ CΦ1(x), x ∈ R, (2)

Φ2(±m) ≤ qΦ2(±(m− 1)), m ∈ N, (3)

max
x∈[m,m+1)

|f(x)| ≤ Cϕ(m), m ∈ Z. (4)

Note that, for example, all wavelets with bounded support, Stromberg’s
polynomial wavelets satisfy the conditions above.

We prove that for wavelets satisfying (1)–(4) the following theorem is
true

Theorem 1. Let a > 0. Then the unconditional convergence a.e. on
E, µ(E) > 0 of series ∑

j∈N, k∈Z
∆jk⊂(−a,a)

ajkfjk(x)

is equivalent to its absolute convergence a.e. on E.

This work was supported by the State Committee of Science MES RA
and the “Devout Generation” Foundation, in frame of the research project
no. 1a52.
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On a representation of interpolating functions for
biorthogonal systems of exponents

Martirosyan M.S. (Yerevan State University, Armenia)

approximation@gmail.com

Let {λk}nk=1 be a finite sequence of distinct complex numbers from

Π+ = {λ : Reλ > 0}. For 0 < a ≤ +∞ denote by ϕ
(a)
k (x) (k = 1, 2, ..., n)

the functions belonging to the linear span of the exponents
{
e−λkx

}n
k=1

and satisfying the conditions J
(a)
k (λr) = δkr (k, r = 1, 2, ..., n), where

J
(a)
k (λ) =

a∫
0

ϕ
(a)
k (t) e−λtdt, λ ∈ Π+ and δkr is the Kronecker′s delta.

Let a be fixed within (0,+∞]. The problem is to examine the existence
of a function L(λ), analytic on Π+, such that

L(λ)

L′(λk)(λ− λk)
= J

(a)
k (λ), λ ∈ Π+. (1)

This form is useful to acquire ϕ
(a)
k explicitly. For a = +∞ the Blashke

product L(λ) =
n∏
k=1

λ−λk
λ+λk

fits (1) (see [1]). However, for finite values of a

such a function does no longer exist.
Let us assume the opposite:

L(λ) = L′(λ1)(λ− λ1)J
(a)
1 (λ) = L′(λ2)(λ− λ2)J

(a)
2 (λ) = ...

... = L′(λn)(λ− λn)J (a)
n (λ). (2)
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On the other hand, if k 6= r then

J
(a)
r (λ)

λ− λk
=

a∫
0

ψ(a)
r (t) eλkte−λtdt, (3)

where ψ
(a)
r (t) =

t∫
0

ϕ
(a)
r (t) e−λktdt. From (2) and (3) one can deduce that

the functions ψ
(a)
r (t) eλkt are generated by

{
e−λkx

}n
k=1

and conclude that

∞∫
0

ϕ
(a)
r (t) e−λktdt = 0 (k 6= r).

The uniqueness of generated biorthogonal systems (GBS) implies ϕ
(a)
r (t) =

c
(a)
r ϕ

(+∞)
r (t) (c

(a)
r ∈ C\ {0}). This is why

a∫
0

ϕ
(+∞)
r (t) e−λktdt = 0 (k 6= r, 0 < a <∞),

therefore, ϕ
(+∞)
r (t) ≡ 0, which is false.
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Analytically nonextendable multidimensional power series
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It is well known that analytically nonextendable power series are easy
to construct in the class of so-called strong lacunar series, in other words,
when there are “many” monomials with zero coefficients.

In 1891, Fredholm [1] gave examples of moderate lacunar nonextendable
series, moreover, these series were represented as infinitely differentiable
functions in the closure of the convergence disk. These series depend on
a parameter a, and they have the following form

∞∑
n=0

anzn
2

, 0 < |a| < 1.
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The theorem 1 demonstrates that in Fredholm’s example the power order
of lacunarity can be improved from 2 to 1 + ε and can be generalized to
multidimensional power series.

Theorem 1. If the increasing sequences of natural numbers nki satisfies
the inequality nki ≥ const · ki

1+ε, i = 1, ...,m, with ε > 0, then the power
series ∑

k∈Nm
akznk , 0 < |ai| < 1 (1)

is not extendable across the boundary of the convergence domain, but rep-
resents an infinitely differentiable function in the closed domain.

Here znk = z1
nk1 z2

nk2 ...zm
nkm and ak = a1

k1a2
k2 ...am

km , m ∈ N.
We use the Dirichlet series [2] in the proof of this Theorem.
In multidimensional cases, the interest of studying series of form (1)

arises in the thermodynamics of several Hamiltonians [3].
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Pointwise estimates for spline Gram matrix inverses

Passenbrunner M. (Johannes Kepler University, Austria)
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We give a proof of the pointwise matrix inequality of exponential decay

|bi,j | ≤
Cqj−i

tj+k − ti
, i ≤ j. (1)

Here, (bi,j)
M
i,j=1 is the inverse of the Gram matrix of B-spline functions

of order k corresponding to the arbitrary point sequence T = (t1 = · · · =
tk < tk+1 < · · · < tM < tM+1 = · · · = tM+k−1). The constants C and
q < 1 depend only on the spline order k.

We illustrate the new method of proof to obtain (1) in the known case
of piecewise linear splines (k = 2), but we were also able to extend our
argument to show (1) for piecewise quadratic splines (k = 3).
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The main focus lies on the method of proof that uses the Sherman-
Morrison formula for inverses of matrices and subsequently induction on
the size of the matrices. In particular, this approach does not use the
celebrated result of A. Shadrin (2001) that for every spline of order k, the
orthogonal spline projection operator P kT is bounded on C[0, 1] indepen-
dently of T . The result of Shadrin and (1) are related, since the uniform
boundedness of P kT on C[0, 1] is equivalent to the inequality

|bi,j | ≤
Cqj−i

max(ti+k − ti, tj+k − tj)
, i ≤ j.

The inequality (1) can be used to show a.e. convergence and uncondi-
tional convergence in reflexive Lp spaces of orthogonal spline series corre-
sponding to arbitrary points.

Duality in some spaces of functions harmonic in the unit
ball

Petrosyan A.I. (Yerevan State University, Armenia)

apetrosyan@ysu.am

A positive continuous decreasing function ϕ on [0, 1) is called a weight
function, if limϕ(r) = 0 as r → 1, and a positive finite Borel mea-
sure η on [0, 1) is called a weighting measure, if it is not supported in
any subinterval [0, ρ), 0 < ρ < 1. Let h∞(ϕ) be the Banach space
of functions u, harmonic in the unit ball Bn ⊂ Rn, with the norm
‖u‖ϕ = sup{|u(z)|ϕ(|z|) : |z| < 1} and let h0(ϕ) be its closed subspace of
functions u with |u(z)| = o

(
1/ϕ(|z|

)
as |z| → 1.

It has been shown by Rubel and Shields [1] that h∞(ϕ) is isometrically
isomorphic to the second dual of h0(ϕ). In [2] the duality problem of
finding a weighting measure η such that

h1(η) =
{
v ∈ L1(dη(r) dθ) : v harmonic for |z| < 1

}
represents the intermediate space, the dual of h0(ϕ) and the predual of
h∞(ϕ), i.e. h1(η) ∼ h0(ϕ)∗ and h1(η)∗ ∼ h∞(η), was solved. In this
duality relations the pairing is given by

〈u, v〉 =
1

2π

2π∫
0

1∫
0

u(reiθ)v(reiθ)ϕ(r) dη(r) dθ, u ∈ h∞(ϕ), v ∈ h1(η).

In the indicated articles [1] and [2] the authors consider only the case
n = 2, when harmonic function is a real part of the function, holomorphic
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in B2. Therefore u has an expansion in a series on degrees of z and z.
This allows to apply the methods of complex analysis.

In the present work we consider the duality problem in the case of
harmonic functions in the unit ball of Rn, n > 2. The above approach
cannot be applied in the multidimensional case, since we can not speak
about connections between harmonic and holomorphic functions, and in-
stead of degrees of z and z we deal with spherical harmonics.
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Convergence acceleration of the quasi-periodic
interpolation by rational and polynomial corrections

Poghosyan L. and Poghosyan A.

(Institute of Mathematics of NAS, Armenia)

lusine@instmath.sci.am, arnak@instmath.sci.am

We consider the problem of function interpolation by the quasi-periodic
trigonometric interpolations IN,m(f, x), m ≥ 0 (m is an integer), x ∈
[−1, 1], which interpolate f on equidistant grid

xk =
k

N
, |k| ≤ N (1)

and are exact for a quasi-periodic functions

eiπnσx, |n| ≤ N, σ =
2N

2N +m+ 1
(2)

with the period 2/σ (which tends to 2 as N →∞).
The quasi-periodic interpolations were suggested in [1]. Papers [2] and

[3] investigated the L2-convergence of the quasi-periodic interpolations on
the entire interval and their behavior at the endpoints of the interval in
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terms of the limit function. Some results concerning these investigations
were reported also in [4] and [5].

Here we study the pointwise convergence of the quasi-periodic inter-
polations in the regions away from the endpoints (x = ±1) and derive
the exact constants of the asymptotic errors showing fast convergence
compared to the classical interpolation.

Then we consider the convergence acceleration of the quasi-periodic
interpolations by application of rational (by eiπx) or polynomial correc-
tions. The application of the corrections leads to rational-trigonometric,
polynomial-trigonometric or rational-trigonometric-polynomial quasi-pe-
riodic interpolations. Rational corrections contain some unknown param-
eters which determination is important for realization of the corresponding
interpolations. Polynomial corrections represent the values and some first
derivatives of function at the endpoints of the interval. We study the con-
vergence of the corresponding interpolations and consider the problem of
parameter determination. We also consider the problem of approximation
of derivatives based on the discrete Fourier coefficients.

L. Poghosyan acknowledges support by NFSAT, CRDF Global, YSSP
Grant no. YSSP-13-24.
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On multiple Fourier series of functions of bounded partial
generalized variation

Sahakian A. (Yerevan State University, Armenia)

sart@ysu.am

The convergence of partial sums and Cesaro means of multiple Fourier
series of bounded partial Λ-variation functions is investigated. The suf-
ficient and necessary conditions on the sequence Λ = {λn} are found for
the convergence, as well as for the Cesaro summation of Fourier series of
bounded partial Λ-variation functions.

Similar results are obtained for the multiple Fourier series with respect
to the Walsh system.

This is a joint work with Ushangi Goginava.

Hermite type quadrature and cubature formulas

Sahakyan K.P. (Yerevan State University, Armenia)

karen sahakyan@mail.ru

In 1814 Carl Friedrich Gauss published his famous quadrature formula
of the highest algebraic degree of accuracy. The Gaussian formula opened
the central direction in numerical analysis devoted to the construction of
approximation methods of a given form that are exact for all polynomials
of the highest possible degree. The Gaussian setting reflected the classical
understanding that regards the algebraic polynomials as simple and nice
functions which can easily be differentiated, integrated, and evaluated at
any point. Moreover, by the Weierstrass theorem, an arbitrary continuous
function can be approximated by polynomials with arbitrary accuracy.
For this reason, every approximation method which is good for a broad
class of polynomials was regarded as a good method. Starting from the
very appearance of the first computers, one can see an active consideration
of theoretical problems related to the solution of extremal problems on
classes of functions. At that time Andrei Nikolaevich Kolmogorov posed
the following problem in the 1940s: Construct a quadrature formula of
a given type that has minimal error on a given class of functions. But
the optimal quadrature formulas may not be unique. More information
about this can be found in a review article of B. Boyanov, “Optimal
quadrature formulae”, Russian Math.Surveys, 60:6, 2005 pp.1035-1055.

The main part of the report is devoted to the quadrature and cuba-
ture formulas of Hermitian type with the highest trigonometric degree of
accuracy. The report provides some quadrature and cubature formulas
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of Hermitian type, obtained by the author. We will present our study
on the convergence of the obtained quadrature formulas, their error esti-
mates and numerical analysis, and the comparison with some well-known
formulas.

On the divergence of Fourier-Walsh series

Sargsyan S.A. (Yerevan State University, Armenia)

stepansargsyan@ysu.am

It’s proved that for any perfect set P and for any density point x0 of P
one can define a finite and measurable function f(x) having the following
properties: any finite and measurable function g(x), coinciding with f(x)
on P , has a divergent Fourier-Walsh series at the point x0.

Solving deconvolution problems by wavelet
decomposition methods

Serrano E.P., Troparevsky M.I. and Fabio M.A.

(Universidad de San Mart́ın, Universidad de Buenos Aires, Argentina)

eduardo.eduser@gmail.com, mitropa@fi.uba.ar, mfabio@unsam.edu.ar

We consider the inverse problem associated to an equation of the form
Af = g where A is the convolution-type operator

Af(x) =

∫
h(w)eiwxdxf̂(w),

h ∈ L2
loc(R) is a smooth function and f ∈ L2(R). It consists in finding

a solution f for given data g. When the data g is perturbed and the
available data g̃ satisfies ‖g − g̃‖ < δ, the IP may be ill-posed and small
perturbations in the data can produce large errors in the solution. Then,
approximated solutions f to the IP should be computed carefully, applying
suitable regularization techniques.

Theoretical and numerical aspects of inverse problems associated to
convolution-type operators with noisy discrete data have been studied in
[5], [6], and [2] among others. In our case, if h = m̌ is a C∞ function,
A is a pseudodifferential operator with symbol p(x,w) = m(w) (see [9]).
Inverse Problems associated to this kind of operators have been studied in
[3], [1], [4] and [8], where techniques based on Wavelet Galekin Methods
and Wavelet Vaguelet Decomposition were developed. In this work, we
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construct the elementary solutions, smooth functions µjk that are nearly

the preimages of a wavelet basis ψjk(x) = 2j/2ψ(2jx−k) developed in [7].
The mother wavelet is smooth and infinitely oscillating function with fast
decay and compact support in two-sided bands. It is well localized in both
time and frequency domain and it is well adapted to this problem. We
construct an approximated solution to the IP based on the decomposition
of the perturbed data into the images of µjk via the operator A. Under
certain hypothesis we estimate the error of the aproximation and discuss
the advantages of the proposed scheme.
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On density of smooth functions in weighted
Sobolev-Orlicz spaces

Surnachev M.D.

(Keldysh Institute of Applied Mathematics RAS, Russia)

peitsche@yandex.ru

In this work we are concerned with the question of density of smooth
functions in weighted Sobolev-Orlicz spaces. In a bounded Lipshitz do-
main Ω ⊂ Rn for a weight (nonnegative measurable function) ρ, satisfying

ρ, ρ−1 ∈ L1(Ω)

we define the Sobolev space W as the closure of the set of functions

X :=

{
u ∈W 1,1

0 (Ω) :

∫
Ω

|∇u|pρdx <∞
}
,

where p = const > 1 with respect to the norm

‖u‖W =

(∫
Ω

|∇u|pρdx

)1/p

.

We assume that the weight additionally satisfies ρ1/(1−p) ∈ L1(Ω), which

guarantees completeness of X and W ⊂ W 1,1
0 (Ω). Next, we can define

another space, H, as the closure of C∞0 in W .
The classical question in the theory of Sobolev spaces is whether H =

W . If Ω = Rn and ρ ≡ 1 the question is simple and solved by molli-
fications. For the standard W 1,2(Ω) the question was solved in the fa-
mous paper of Meyers and Serrin entitled H = W . They did not require
any smoothness of the boundary of Ω. If one makes some additional as-
sumptions on the smoothness of ∂Ω, it is possible to prove that functions
smooth up to the boundary are also dense in the Sobolev space.

In the presence of a weight, though, the question naturally becomes
more complicated. If one tries to follows the classical route, the uniform
boundedness of mollifying operators is required. This question is closely
related to the boundedness of the Hardy-Littlewood maximal function in
the corresponding weighted Lebesgue space. For instance, this is guaran-
teed by ρ belonging to the Muckenhoupt class Ap. However, the Mucken-
houpt condition is not easy to verify, and, second, the story does not end
here.

Another approach to approximating a Sobolev function with smooth
functions is the so called Lipschitz truncation technique, based on cutting
the original function at some level of the maximal function of its gradient
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and using the McShane extension theorem. This technique was success-
fully applied by a number of authors for the study of very weak solutions
of elliptic PDEs, in mathematical hydrodynamics and so on. In this work
we use this technique to establish the following sufficient condition for
density of smooth functions in weighted Sobolev spaces.

Theorem 1. Let ρ = ww0, w0 ∈ Ap. Assume that

lim inf
t→∞

‖w‖Lt(Ω ;w0dx) · ‖w−1‖1−ε(t)Lt(Ω ;w0dx)

tp
<∞, where ε(t) =

2

t+ 1
.

Then H = W .

Next, we extend this result to the case of Sobolev spaces with the
variable exponent p = p(x). We assume that the exponent satisfies

1 < α < p(x) < β <∞, (1)

|p(x)− p(y)| ≤ k0

ln 1
|x−y|

, |x− y| < 1. (2)

This is the widely known logarithmic condition introduced originally by
V.V. Zhikov and X.L. Fan. The definition ofH andW is the same with the
difference that the Lebesgue norm ‖ · ‖W introduced above is replaced by
the Luxemburg norm. If ρ = 1 it guarantees the absence of the Lavrentiev
phenomenon which is equivalent to H = W .

Theorem 2. Let

lim inf
t→∞

‖ρ‖Lt(Ω ; dx) · ‖t−pρ−1‖1−ε(t)Lt(Ω ; dx) <∞, where ε(t) =
2

t+ 1
.

Then H = W .

It is easily seen that in the case when p = const this theorem reduces
to the first one. However, the question whether one can take ρ as in the
constant exponent case remains open. The definition of the Muckenhoupt
classes for variable exponents and the corresponding toolbox is still an
open problem, though recently serious progress has been achieved by L.
Diening and P. Hästö. Another very interesting question is whether the
logarithmic condition (2) can be weakened.
Acknowledgements. This work was supported by RFBR, research
projects nos. 11-01-00989-a and 12-01-00058-a, and also by The Ministry
of Education and Science of Russian Federation, project 14.B37.21.0362.
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On partial sums and Fejer means of Walsh-Fourier series

Tephnadze G. (Tbilisi State University, Georgia)

giorgitephnadze@gmail.com

The main aim of my talk will be to investigate partial sums and Fejer
means of Walsh-Fourier series in the Hardy spaces. We will present nec-
essary and sufficient conditions for positive numbers such that the partial
sums and Fejer means with this indices are bounded in the Hardy spaces,
when 0 < p < 1.

Lower bounds for L1 discrepancy

Vagharshakyan A. (Brown University, USA)

armen@math.brown.edu

We give the best asymptotic lower estimate for the coefficient of the
leading term for the L1 norm of the two-dimensional axis-parallel discrep-
ancy that could be obtained by K.Roth’s orthogonal function method in
a large class of test functions.

The proof is based on the methods of combinatorics, probability, com-
plex and harmonic analysis.

Generalized convex sets in the hypercomplex space

Vigovskaya I., Zelinskyi Yu. and Mkrtchyan H.

(Institute of Mathematics of NASU, Ukraine,
Armenian State University of Economics, Armenia)

henzelmkrtchyan@rambler.ru

The report will focus on analogs for hypercomplex case of some results
in complex linear convex analysis, which was studied by one of the authors
[1]. Significant differences of the generalized convexity (global and local)
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in the complex and hypercomplex cases will be analyzed and the main
difficulties arising from the non-commutativity of the quaternion field will
be discussed. We will give an overview of currently known results, focus
on open problems and perspectives of their solutions [1-2].

Theorem 1. ([3]) A compact, which has the form of a non-degenerate
Cartesian product in Nn, strongly linearly convex if and only if it is convex.
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Differential and Integral
Equations

Homogenization of Dirichlet problem for divergence type
elliptic systems

Aleksanyan H., Shahgholian H. and Sjölin P.

(The University of Edinburgh, UK and KTH Royal Institute of
Technology, Sweden)

h.aleksanyan@sms.ed.ac.uk, henriksh@kth.se, pers@math.kth.se

Let D be a bounded domain in Rd (d ≥ 2), A(y) = (Aαβij (y)), 1 ≤
α, β ≤ d, 1 ≤ i, j ≤ N be an RN2×d2-valued function defined on Rd, and
g be a CN -valued function defined on D × Td. We study the asymptotic
behavior of solutions to the following problem:

Luε(x) = 0, in D, and uε(x) = g(x, x/ε), on ∂D,

where ε > 0 is a small parameter, and using the summation convention
of repeated indices the operator L is defined as

(Lu)i := − ∂

∂xα

[
Aαβij (x)

∂uj
∂xβ

]
= −div [A(x)∇u] ,

where u = (u1, ..., uN ) and 1 ≤ i ≤ N . We make the following assump-
tions:

(i) (Periodicity) The boundary function g is 1-periodic:

g(x, y + h) = g(x, y), ∀x ∈ D,∀y ∈ Rd, ∀h ∈ Zd.

(ii) (Ellipticity) There exists a constant c > 0 such that

c−1ξiαξ
i
α ≤ A

αβ
ij (y)ξiαξ

j
β ≤ cξ

i
αξ
i
α, ∀ξ ∈ Rd×N .

(iii) (Smoothness) The boundary value g and all elements of A are
sufficiently smooth.

For smooth and uniformly convex domains we study the pointwise, and
Lp, 1 ≤ p < ∞, limit behavior of solutions uε, as ε → 0. In non smooth
setting we study the problem in case of equations (N = 1) set in convex
polygonal domains, i.e. domains that are bounded by a finite number of
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hyperplanes. In this case we show that the limit behavior of solutions
is intimately connected with certain number-theoretic properties of the
normal vectors of the bounding hyperplanes. We will also discuss some
further applications of our methods when the coefficients of the operator
L are 1-periodic and have oscillations in ε-scale too.
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Numerical approximation for a variational problem of the
spatial segregation of Reaction-Diffusion system

Arakelyan A. (Institute of Mathematics NAS, Armenia)

avetik@kth.se

Recently, much interest has gained the numerical approximation of
equations of the Spatial Segregation of Reaction-diffusion systems with
disjoint population densities. These problems are governed by a mini-
mization problem subject to closed but non-convex set.

In this talk I will present a numerical approximation of equations of
stationary states for a certain class of the Spatial Segregation of Reaction-
diffusion system with m population densities having disjoint support. We
use quantitative properties of both solutions and free boundaries to derive
our scheme. We prove that the developed scheme is stable and consistent.
Moreover, the proof of convergence of the proposed numerical method is
given in some particular cases. At the end of the talk I will show and
discuss the numerical implementations of the resulting approach.

62



On the Dirichlet problem for the fourth order partial
differential equation when characteristic equation has

only double roots

Babayan A.O. (State Engineering University, Armenia)

barmenak@gmail.com

Let D be the unit disk of the complex plane with boundary Γ = ∂D.
We consider in D the following equation(

∂

∂y
− λ1

∂

∂x

)2(
∂

∂y
− λ2

∂

∂x

)2

u = 0, (1)

where λj (j = 0, 1) are complex constants, such that λ1 6= λ2. We seek

the solution u of the equation (1) from the class C4(D)
⋂
C(1,α)(D

⋃
Γ)

satisfying on the boundary Γ the Dirichlet boundary conditions

∂ku

∂rk

∣∣∣∣
Γ

= fk(x, y), k = 0, 1, (x, y) ∈ Γ. (2)

Here fk (k = 0, 1) are prescribed functions on Γ, ∂
∂r is the derivative with

respect to module of the complex number (z = reiϕ).
If =λ1 > 0 > =λ2 (the equation (1) is properly elliptic), we suppose,

that fk ∈ C(1−k,α)(Γ). In this formulation the problem (1), (2) is Fred-
holm, (see [1]), and in the paper [2] the necessary and sufficient conditions
of the unique solvability of this problem, and formulas to calculate the
defect numbers of the problem (i.e. the number of linearly independent
solutions of the homogeneous problem (1), (2), when f ≡ 0, and the num-
ber of linearly independent solvability conditions of the inhomogeneous
problem), if the unique solvability fails, were found. This formulation of
the Dirichlet problem is no longer correct in the case =λ1 ≥ =λ2 > 0
(improperly elliptic equation (1))([3]), therefore in this talk we change
the class of boundary functions in the following way.

Let =λ1 ≥ =λ2 > 0. We denote µ = i−λ1

i+λ1
, ν = i−λ2

i+λ2
, and assum-

ing |µ| ≤ |ν|, denote by B(m,α)(|ν|) the set of functions, analytic in
the ring |ν| < |z| < 1 and Hölder continuous with k-th order deriva-
tives (k = 1, . . . ,m) in the closed ring |ν| ≤ |z| ≤ 1. We suppose that
fk ∈ B(2−k,α)(|ν|), k = 0, 1.

We prove that in this formulation the problem (1), (2) is Fredholm, and
find the formulas for the defect numbers of the problem (different from
the formulas appearing in [2]). These formulas are the same in the cases
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of properly and improperly equations (1). The case of real λj (non-elliptic
equation (1)) is considered too.
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On differential invariants and contact equivalence of
ordinary differential equations

Bibikov P.V. (Institute of Control Sciences, Russia)

tsdtp4u@proc.ru

The problem of classification of ordinary differential equations with re-
spect to the contact or point transformations is one of the most important
problems in the theory of differential equations. It seems that the most
interesting one is the case of differential equations of type

y(n) = f(x, y, y′, . . . , y(n−1)). (1)

The first results in this area were obtained by Sophus Lie:
1) ordinary differential equation (1) of the first order in neighbourhood

of regular point is point–equivalent to the equation y′ = 0;
2) ordinary differential equation (1) of the second order in neighbour-

hood of regular point is contact–equivalent to the equation y′′ = 0.
The point classification of regular equations (1) of order 2 was obtained

by Tresse (see [2, 4]). Non–regular equations were studied by Lie, Tresse,
Liuville, Cartan, etc. (see, for example, [5]).

Contact equivalence problem for differential equations (1) of order
n > 3 was studied by Cartan, Chern, Fels, etc. Finally, Doubrov, Kom-
rakov and Morimoto constructed the Cartan connection associated with
every differential equation (1) (and, more generally, with every holonomic
system of differential equations), and reduced the contact equivalence
problem to the classical problem of equivalence of {e}-structures (see [3]).
So, the equivalence problem of ordinary differential equations (1) can be
solved in terms of {e}-structures.
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Nevertheless, another important problem in this area was still open.
Namely, how can the differential invariant field of the action of contact
pseudogroup on differential equations (1) be described?

In this work we solve this problem for differential equations of arbitrary
order n > 3. Also in terms of this field we obtain a new approach to
contact classification of ordinary differential equations.

Theorem 1. Differential invariant field of the action of contact pseu-
dogroup on differential equations is generated by arbitrary differential in-
variant J and two special invariant operators δ and ∆.

If we restrict these invariants on given differential equation E , one can
write

δn+1J = PE(J, δJ, . . . , δnJ), ∆J = QE(J, δJ, . . . , δnJ)

for some smooth functions PE and QE .
Theorem 2. Two differential equations E and Ẽ are contact equivalent
iff (PE ,QE) = (PẼ ,QẼ).

References

[1] Doubrov B., Komrakov B., Morimoto T. Equivalence of holonomic
differential equations // Lobachevskii Journal of Mathematics, 1999,
vol. 3, pp. 39–71.

[2] Kruglikov B. Point classification of 2nd order ODEs: Tresse classifi-
cation revisited and beyond // arXiv : 0809.4653.

[3] Sternberg S. Lectures on differential geometry. Prentice Hall, Inc. En-
glewood Cliffs, N.J. 1964.
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On solvability of Dirichlet problem for general second
order elliptic equation

Dumanyan V.Zh. (Yerevan State University, Armenia)

duman@ysu.am

In a bounded domain Q ⊂ Rn, n ≥ 2, with C1-smooth boundary ∂Q,
we study the solvability in the W 1

2, loc (Q)-setting of the Dirichlet problem
for the second-order elliptic equation

−div (A(x)∇u)+(b̄(x),∇u)−div(c̄(x)u)+d(x)u=f(x)−divF (x), x ∈ Q,
(1)
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u|∂Q = u0, (2)

with boundary function u0 in L2(∂Q). We assume that f and F =
(f1, . . . , fn) are in L2,loc(Q) and that the symmetric matrixA(x)=(aij(x)),
consisting of real-valued measurable functions, satisfies the condition

γ|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj = (ξ, A(x)ξ) ≤ γ−1|ξ|2

for all ξ = (ξ1, . . . , ξn) ∈ Rn and almost all x ∈ Q, where γ is a positive
constant. We also assume that the coefficients b̄(x) = (b1(x), . . . , bn(x)),
c̄(x) = (c1(x), . . . , cn(x)) and d(x) are measurable and bounded on any
strictly interior subdomain of Q.

It was shown that if a W 1
2,loc (Q)-solution of the Dirichlet problem

(1), (2) exists, it is (n − 1)-dimensionally continuous (i.e., belongs to
the Gushchin space Cn−1(Q̄)); this characterizes behavior of the solution
near the boundary, and describes in what sense it takes its boundary
value. This was done under the assumption that the lower order coeffi-
cients b̄(x), c̄(x) and d(x) are locally bounded and satisfy the following
conditions:
there exists a constant M > 0 such that

|b̄(x)| ≤ M

r(x)(1 + | ln r(x)|)3/4
, x ∈ Q,∫

0

t(1 + | ln t|)3/2C2(t)dt <∞, where C(t) ≡ sup
r(x)≥t

|c̄(x)|,

∫
0

t3(1 + | ln t|)3/2D2(t)dt <∞, where D(t) ≡ sup
r(x)≥t

|d(x)|.

Here r(x) is the distance from a point x ∈ Q to the boundary ∂Q.
Conditions for the existence of an (n − 1)-dimensionally continuous

solution are obtained, the resulting solvability condition is shown to be
similar in form to the solvability condition in the conventional generalized
setting (in W 1

2 (Q)). In particular, it is proven that if the homogeneous
problem (with zero boundary conditions and zero right-hand side) has
no nonzero solution in W 1

2 (Q), then for all u0 ∈ L2(∂Q) and all f and
F from the appropriate function spaces there exists a solution for the
non-homogeneous problem (in W 1

2, loc (Q)-setting); this solution belongs

to Gushchin space Cn−1(Q̄) of (n − 1)-dimensional continuous functions
and the following estimate holds

‖u‖2Cn−1(Q̄) +

∫
Q

r |∇u|2dx ≤
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≤ C
(
‖u0‖2L2(∂Q) +

∫
Q

r3 (1 + | ln r|)
3
2 f2dx+

∫
Q

r (1 + | ln r|)
3
2 |F |2dx

)
,

where the constant is independent of u0, f , F .
For some natural constraints on the lower order coefficients of the equa-

tion (1): ∫
0

B2(t)dt <∞,
∫
0

C2(t)dt <∞,
∫
0

tD2(t)dt <∞,

where B(t) ≡ sup
r(x)≥t

|b̄(x)|, for the right-hand sides from W−1
2 (Q) the

obtained necessary and sufficient conditions for solvability of the problem
(1),(2) in W 1

2,loc(Q)-setting can be stated in a simpler form - in terms of
the original problem. Also it is proven that if the boundary function has
an extension to Q that belongs to W 1

2 (Q), then the solution in Cn−1(Q̄)
is at the same time a solution in W 1

2 (Q) and in such a case the solvability
conditions of the problem (1),(2) in W 1

2,loc(Q)-setting coincide with those

in W 1
2 (Q)-setting.
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On manifolds of periodic eigenvalue problems with
selected double eigenvalue

Dymarskii Y.M. and Evtushenko Y.
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Chemical Technology, Ukraine)

dymarskii@mail.ru

We consider the family

−y′′ + p(x)y = λy, y(0)− y(2π) = y′(0)− y′(2π) = 0

of periodic eigenvalue problems with 2π-periodic real potential

p ∈ P :=

{
C(0, 2π) |

∫ 2π

0

p(x)dx = 0

}
as a functional parameter. For a fixed potential p, the spectrum of the
problem consists of isolated real eigenvalues, the multiplicity of the eigen-
values does not exceed two, and the spectrum has the form

λ0(p) < λ−1 (p) ≤ λ+
1 (p) < . . . < λ−k (p) ≤ λ+

k (p) < . . .→∞.

Our interest is the subsets

Pk := {p| λ−k (p) = λ+
k (p)} ⊂ P k = 1, 2, ...

of potentials with a double k-eigenvalue. We give a new description of
the topological structure of the subset Pk and its complement P \ Pk
(another approach to the problem is described in [1]). In particular, we
prove the Arnold “hypothesis of transversality” (V. I. Arnold, Modes and
quasimodes. Functional Analysis and its Applications 6 (1972), no. 2, 12–
20) that the subset Pk is a smooth submanifold of codimension two. Then,
we show that the manifold Pk is homotopically trivial, the complement
P \ Pk is trivially fibered over Pk and the standard fiber is the product
RP 1 × R+, i.e.,

P \ Pk ∼= Pk × (RP 1 × R+).

Finally, we prove that the linking coefficient L(k, p) of the submanifold
Pk with a loop of shifts

l(p, k) := {p(x+ t) ∈ P \ Pk| t ∈ [0, 2π]}

is L(k, p) = 2k.
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The density of the smooth compactly supported functions
in a weighted multi - anisotropic Sobolev space
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Let 1 < p < ∞, δ > 0, gδ(x) = e−δ|x| and let < be a Newton
polyhedron. Denote by W<p, δ the set of locally integrable functions in En

with bounded norms

||u||W<p, δ ≡
∑
α∈ <

||(Dαu)gδ||Lp =
∑
α∈ <

||Dαu||Lp, δ .

It is proved that W<p, δ is a Banach space (see [1]) . Such Sobolev
type weighted spaces arise in connection with numerous problems in the
theory of partially hypoelliptic (see [2]) and almost hypoelliptic (see [3])
differential equations. We prove the following result:

Theorem 1. Let < be a completely regular polyhedron (see [3]). The
space W<p, δ is semilocal (see [2]) and the set C∞0 (En) is dense in W<p, δ.
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The inverse problem for a family of Sturm-Liouville
operators

Harutyunyan T. (Yerevan State University, Armenia)

hartigr@yahoo.co.uk

Let us denote by µn (q, α, β), n = 0, 1, 2, . . . the eigenvalues of the
Sturm-Liouville problem L(q, α, β):

−y′′ + q (x) y = µy, x ∈ (0, π) , q ∈ L1
R [0, π] , µ ∈ C, (1)

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] , (2)
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y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) . (3)

By ϕ (x, µ, α) we denote the solution of (1), which satisfies the initial
conditions ϕ (0, µ, α) = sinα,ϕ′ (0, µ, α) = − cosα. It is easy to see that

ϕn (x)
def
= ϕ (x, µn, α), n = 0, 1, 2, . . . are the eigenfunctions of L(q, α, β).

The quantities an (q, α, β) =
π∫
0

|ϕn (x)|2dx, n = 0, 1, 2, . . . are called the

norming constants.
The sequences {µn}∞n=0 and {an}∞n=0 are called the spectral data of the

problem L(q, α, β).
The following result is well known (see [1]):
For the sequences {µn}∞n=0 and {an}∞n=0 to be the spectral data for a

certain problem L(q, α, β), with q ∈ L2
R[0, π], it is necessary and sufficient

that {µn}∞n=0 and {an}∞n=0 satisfy some relations (see [1]).
What additional relations must be satisfied for {µn}∞n=0 and {an}∞n=0

to be the spectral data of the problem L(q, α, β) with fixed α and β?
We answer this question.
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On the “movement” of the zeros of eigenfunctions of the
Sturm-Liouville problem

Harutyunyan T. and Ashrafyan Yu.
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Let us consider the Sturm-Liouville problem

−y′′ + q (x) y = µy, x ∈ (0, π) , q ∈ L1
R (0, π) , µ ∈ C, (1)

y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] , (2)

y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) , (3)

and let µn (q, α, β), n = 0, 1, 2, . . . be the eigenvalues, and yn (x) =
yn (x, q, α, β), n = 0, 1, 2, . . . be the corresponding eigenfunctions of this
problem.

We investigate the dependence of the zeros of the eigenfunctions yn
on α and β. Let 0 ≤ x0

n < x1
n < ... < xmn ≤ π be the zeros of the

eigenfunction yn.
We are interested in the following questions:

1) if α is fixed, how do the zeros xkn = xkn (β), k = 0, 1, . . . ,m “move”,
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when β is changed in [0, π)?
2) if β is fixed, how do the zeros xkn = xkn (α), k = 0, 1, . . . ,m “move”,
when α is changed in (0, π]?
3) how many zeros does the n-th eigenfunction have, i.e. what is m equal?

We answer the questions 1)–3) and, as a corollary, we get a new proof
of the Sturm oscillation theorem (the n-th eigenfunction has n zeros in
(0, π)) for arbitrary q ∈ L1

R (0, π).
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On the Dirichlet boundary value problem in the
half-space in weighted spaces

Hayrapetyan H. M. and Hayrapetyan A. R.
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Let L1(ρ) be the space of measurable functions in R2 which are inte-
grable with weight ρ(x, y) = (1 + |x| + |y|)α, α ≥ 0. The norm in this
space is defined as follows:

‖f‖L1(ρ) =

∫∫
R2

|f(x, y)|ρ(x, y)dxdy.

We consider the Dirichlet problem in the following formulation: let B be
the class of functions U defined in the half-space Π+ = {(x, y, z) : z > 0}
and satisfying

|U(x, y, z)| < M, z > z0,

where z0 > 0 is an arbitrary number, M is a constant dependent on z0. We
want to find a harmonic function U ∈ B in the half-space Π+ satisfying

lim
z→0
‖U(x, y, z)− f(x, y)‖L1(ρ) = 0,

where f ∈ L1(ρ).
We prove that the problem is solvable if and only if∫∫

R2

f(u, v)ukvmdudv = 0, 0 ≤ k +m ≤ n− 1,

where n = [α].
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For arbitrary α the problem in a similar formulation was studied in [1],
[2] for the half-plane and disc.
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On the Riemann Boundary Value Problem in the space
of continuous functions

Hayrapetyan H.M. and Babayan V.A.
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It is well known that Cauchy type integral is a bounded operator in
Lp(1 < p <∞) and Holder functional spaces. This is the most important
fact in Riemann boundary value problem research, therefore investigation
of this problem in spaces where Cauchy type integral is not bounded op-
erator is significantly harder. For example, when the boundary functions
are from L1 class, the boundary conditions must be posed in the following
way [1]: to find a function Φ, Φ(∞) = 0, analytic in D+

⋃
D− such that

the equality

lim
r→1−0

‖Φ+(rt)− a(t)Φ−(r−1t)− f(t)‖1 = 0 (1)

holds, where a(t) is a piecewise Holder continuous function on the unit
circle. It was shown in [1], that this problem is normally solvable and
Noetherian in L1. In this talk we consider the Riemann boundary value
problem in the space of continuous functions where Cauchy type integral
is not bounded as well. In this case the Riemann problem is formulated
in the following way: to determine a function Φ, Φ(∞) = 0, analytic in
D+

⋃
D− such that the equality

lim
r→1−0

‖Φ+(rt)− a(t)Φ−(r−1t)− f(t)‖C(T ) = 0 (2)

holds. The necessary and sufficient conditions for normal solvability of
the problem were found. In the similar formulation the Riemann problem
is considered in arbitrary domains.
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On partial indices of triangular matrix functions
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Let G be an n × n matrix function defined on a closed curve Γ. Fac-
torization of G is by definition its representation as a product G−ΛG+ in
which G+ and G− are boundary values on Γ of matrix functions analytic
and invertible in the interior D+(resp., exterior D−) of Γ, subject to some
additional conditions on their growth when approaching the boundary. In
its turn, Λ(t) is diagonal, with the diagonal entries of the form (t− z0)κj ,
where z0 is an (arbitrarily fixed) point of D+. The integers κj , called the
partial indices of G, are defined up to a permutation.

The factorization in general, and the values of the partial indices in
particular, play an important role in a wide variety of applied problems,
including those to mathematical physics. In this talk we focus on trian-
gular matrix functions G.

For χ = (χ1, . . . , χn) ∈ Zn, denote by T (χ) the class of all lower tri-
angular G with the entries in L∞(Γ) and i-th diagonal entry factorable
with the index χi, i = 1, . . . n. It is well known (see e.g. [1]) that then G
is also factorable, and the set of its partial indices is majorized by χ in
the Hardy-Littlewood-Pólya sense. We give a complete description of the
set A(χ) of all n-tuples admissible as partial indices of G ∈ T (χ). Con-
ditions are established, in particular, under which the extreme situations
occur, that is (i) all n-tuples majorized by χ, or (ii) only those which are
permutations of χ, may occur.
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Spectral stability of higher order semi-elliptic operators
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We consider the eigenvalue problem for the operator

Hu =
∑

(α,µ)=1

(β,µ)=1

(−1)|α|Dα(Aαβ(x)Dβu), x ∈ Ω

subject to homogeneous Dirichlet boundary conditions, where µ = (1/m1,
· · · , 1/mN ) is a multi-index and Ω is a bounded open set in RN . Let
Aαβ be bounded measurable real-valued functions defined on Ω satisfying
Aαβ = Aβα and the uniform semi-ellipticity condition∑

(α,µ)=1

(β,µ)=1

Aαβ(x)ξαξβ ≥ θ|ξ|2

We consider open sets Ω for which the spectrum is discrete and can
be represented by means of non-decreasing sequence of positive-definite
eigenvalues

λ1[Ω] ≤ λ2[Ω] ≤ · · · ≤ λn[Ω] ≤ · · ·

Theorem. Let Ω1 be an open set in RN . Then for each n ∈ N there exist
cn, εn > 0 depending only on Ω1 such that

|λn[Ω1]− λn[Ω2]| ≤ cn
√
dM (Ω1,Ω2),

for all Ω2 ⊆ Ω1 such that dM (Ω1,Ω2) < εn, where dM (Ω1,Ω2) is the
Lebesgue measure of Ω1 4 Ω2, the symmetric difference of Ω1 and Ω2.
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Essentially nonlinear functional differential equation with
advanced argument

Koplatadze R. (Tbilisi State University, Vekua Institute of Applied
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Consider the generalized Emden-Fowler differential equation

u(n)(t) + p(t)|u(σ(t))|µ(t)signu(σ(t)) = 0, (1)

where p ∈ Lloc(R+;R), σ ∈ C(R+;R+), σ(t) ≥ t and µ ∈ C(R+; (0,+∞)).
We say that the equation (1) is “almost linear” if the condition

lim
t→+∞

µ(t) = 1

is fulfilled, while if

lim inf
t→+∞

µ(t) 6= 1 or lim sup
t→+∞

µ(t) 6= 1,

then we say that the equation (1) is an essentially nonlinear differential
equation.

For “almost linear” and essentially nonlinear differential equations the
sufficient (necessary and sufficient) conditions are established for oscilla-
tion of solutions. Some results in this direction are given in [1-4].
Acknowledgement. The work was supported by the Sh. Rustaveli
National Science Foundation, Grant No. 31/09.
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Asymptotic of the minimizers of the two-dimensional
Mumford-Shah functional near the crack-tip

Mikayelyan H. (Xian Jiaotong-Liverpool University, China)
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We consider the two dimensional Mumford-Shah functional and discuss
the situation at the crack-tip. It is well known that the solution asymptot-
ically equals to λ=

√
z. Under certain conditions we are able to calculate

the higher order terms of the asymptotic. The homogeneity orders of the
higher order terms can be explicitly calculated. Further we prove that the
curvature at the crack-tip cannot be finite unless it is zero.

The isospectral Sturm-Liouville problems

Pahlevanyan A. (Yerevan State University, Armenia)

avetikpahlevanyan@gmail.com

Let L (q, α, β) denote the Sturm-Liouville problem

−y′′ + q(x)y = µy, x ∈ (0, π), µ ∈ C, (1)

y(0) cosα+ y′(0) sinα = 0, α ∈ (0, π], (2)

y(π) cosβ + y′(π) sinβ = 0, β ∈ [0, π), (3)

where q ∈ L1
R[0, π], i.e. q is a real, summable function on [0, π].

The isospectrality problem is to describe all the problems of the form
(1)–(3) that have the same spectrum.

In the series of the papers [1]–[4] E. Trubowitz and others have solved
the isospectrality problem when q ∈ L2

R[0, π].
In [5] the authors have proposed another method based on Gelfand-

Levitan integral equation and transformation operators and have solved
the isospectrality problem in case when q′ ∈ L2

R[0, π] and sinα 6= 0, sinβ 6=
0.

We solve this problem in case when q ∈ L1
R[0, π] and for arbitrary

α ∈ (0, π] , β ∈ [0, π).
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Variational inequalities for a class of nonlinear
pseudoparabolic operators
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Let V be a Banach space and K be a nonempty, closed, convex subset of
V . A family of operators A : D(A)→ V ′ is considered with an everywhere
dense linear manifold D(A) ⊂ V . The problem is the following: for given
f ∈ V ′ find u ∈ K

⋂
D(A) satisfying the inequality

(Au, v − u) ≥ (f, v − u) (1)

where the following conditions are met

• Operator A may be represented in the form A = LΛ +M ,
• (−Λ) : D(A)→ V is a generator for linear semigroup G(s) : V →
V ,

• L : V → V ′ is continuous and bounded,
• (LΛh(ϕ− ψ), ϕ− ψ) ≤ (LΛhϕ− LΛhψ,ϕ− ψ),∀ϕ,ψ ∈ K,
• (LΛhϕ,ϕ) ≥ 0,∀ϕ ∈ K,
• M : V → V ′ is pseudomonotone operator in K, i.e. it is bounded

in K and the continuous un ⇀ u (un ∈ K) and lim(Mun, un −
u) ≤ 0 imply lim(Mun, un − v) ≥ (Mu, u− v),∀v ∈ V ,
• If the set K is unbounded, then M is coercive in K, i.e. ∃v0 ∈ K

s.t. (Mv,v−v0)
‖v‖ →

‖v‖→∞
∞.

Theorem 1. (existence and uniqueness of weak solution) Let all
the statements above are true with v0 ∈ K

⋂
D(A) in the condition of

coercivity of the operator M and the compatibility condition of Λ and K
is also satisfied. Then there exists a solution for the corresponding weak
problem. If the operator M is strictly monotone, then the weak solution
is unique.
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Theorem 2. (regularity of the weak solution) Under the assump-
tions of Theorem 1, let int(K) 6= ∅, V ⊂ V ′ and

• f ∈ D(Λ),

• (Mu−Mv, u− v) ≥ c ‖u− v‖2 ,∀u, v ∈ V ,
• The semigroup G(s) can be extended to the space V ′,
• G(s)(Mv) = M(G(s)v), G(s)(Lv) = L(G(s)v),∀v ∈ V,∀s ≥ 0,
• ∃ρ > 0, G(s)v+G∗(s)v−G∗(s)G(s)v+(ρ−1)v ∈ ρK,∀v ∈ K,∀s ≥

0.

Then the weak solution of the variational inequality exists, is unique and
satisfies the variational inequality (1).
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H.Weil orthogonal decomposition of the L2(G) space and
eigenfunctions of the curl operator

Saks R.S. (Institute of Mathematics with CC UfaSC RAS, Russia)

romen-saks@yandex.ru

Dedicated to the memory of Nazaret Ervandovich Tovmasyan

H.Weil theorem [1] on the orthogonal decomposition of the L2(G) space
plays a fundamental role in the theory of generalized solutions [2], in
the study of the solvability of Navier-Stokes equations [3] and in another
questions.

In this work the spectral problems for curl and Stokes operators in a
ball B of radius R are solved explicitly. We have used explicit solutions
of the Dirichlet and Neumann spectral problems for the Laplace operator
[4].

It is proved that the system of vector eigenfunctions of the curl operator
(associated with eigenvalues λ = 0 and ±λκ) form a complete orthogonal
basis in L2(B).

The eigenfunctions (vκ, pκ) of the Stokes operator in the ball are rep-
resented as a sum of two eigenfunctions of the curl operator associated
with the opposite eigenvalues: vκ = u+

κ + u−κ , vκ|S = 0, ν · u±κ |S = 0 and
pκ = const.
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As an example, the boundary value problem curlu+λu = f , ν·u|S = 0
is solved explicitly by the Fourier method for all λ [5]. See also [6, 7].
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Variation formulas of solution for functional differential
equations taking into account delay function perturbation

and initial data optimization problems

Tadumadze T. and Gorgodze N.

(Tbilisi State University & I. Vekua Institute of Applied Mathematics,
Kutaisi State University, Georgia)

tamaztad@yahoo.com, nika gorgodze@yahoo.com

For the delay functional differential equation

ẋ(t) = f(t, x(t), x(τ(t))), t ∈ [t0, t1]

with the continuous initial condition

x(t) = ϕ(t), t ∈ [τ(t0), t0],

linear representations of the main part of a solution increment (variation
formulas) with respect to perturbations of initial moment t0, initial func-
tion ϕ(t), delay function τ(t) and right-hand side f are proved. In this
paper, moreover, necessary optimality conditions are obtained for the ini-
tial data optimization problems. Here, under initial data we imply the
collection of the initial moment and function, delay and control functions.
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The variation formula plays the basic role in proving of the necessary op-
timality conditions [1]. Variation formulas for various classes of functional
differential equations are given in [1-3].
Acknowledgement.The work was supported by the Sh.Rustaveli Na-
tional Science Foundation,Grant No.31/23.
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A steady glacier flow as an obstacle problem

Teymurazyan R. (CMAF / Universidade de Lisboa , Portugal)

rafayel@utexas.edu

This talk is based on the joint work with J.F. Rodrigues.
We discuss models of steady glacier flows in the Orlicz-Sobolev space

framework. Following to the approach of Jouvet and Bueler, steady, shal-
low ice sheet flow is formulated as an obstacle problem with the unknown
as the ice upper surface and the obstacle as the underlying bedrock topog-
raphy. The obstacle problem is written as a variational inequality. The
corresponding PDE is highly nonlinear elliptic equation. We show the
existence of a solution using a fixed point argument. In some restricted
cases the uniqueness of the solution is shown.
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Probability and Statistics

Orientation-dependent chord length distribution function
for a convex domain

Aharonyan N.G. (Yerevan State University, Armenia)

narine78@ysu.am

A family of identities for planar convex domains was discovered by A.
Pleijel (see [1]). R. V. Ambartzumian proved these identities (see [2])
and disintegrated Pleijel identities (see [3]) using combinatorial principles
in integral geometry. In the classical Pleijel identities integration is over
the measure dg in the space G of lines which is invariant with respect to
the all Euclidean motions (see [2]). Let D be a convex bounded domain
in the plane and [D] = {g ∈ G : χ(g) = g ∩ D 6= ∅}. In the paper [4]
generalized Pleijel identity for any locally-finite, bundleless measure in the
space G have been proved. This identity is applied to find the so-called
orientation-dependent chord length distribution function F (D, u, y) for a
bounded convex domain:

b(D,u) · [1− F (D, u, y)] =
1

2

∫
[D]

δ(|χ(g)| − y) |χ(g)| | sin(φ− u)| dg−

−1

2

∫
[D]

δ′(|χ(g)| − y) · |χ(g)|2 | sin(φ− u)| cotα1 cotα2 dg,

where b(D,u) is the breadth function in direction u (the distance between
two parallel support lines in direction u), δ(y) is the Dirac’s δ–function
concentrated at y, α1 and α2 are the angles between the boundary of D
and the line g at the endpoints of χ(g) which lie in one half-plane with
respect to the inside of D, and φ is the direction of the line g.
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A solution of the generalized cosine equation in Hilbert’s
fourth problem

Aramyan R. (Russian-Armenian (Slavonic) University, Armenia)

rafikaramyan@yahoo.com

Hilbert’s fourth problem asks for the geometries, defined axiomatically,
in which there exists a notion of length for which the line segments are
the shortest connections of their endpoints. It was shown in [2] that it is
the same to ask: determine all complete, continuous and linearly additive
metrics in Rn.
The modern approaches make it clear that the problem is at the basis of
integral geometry, inverse problems and Finsler geometry. We denote by
E the space of planes in R3, S2 - the unit sphere, [x] - the bundle of planes
containing the point x ∈ R3. Let µ be a locally finite signed measure in
E possessing density h(e) with respect to the invariant measure. Let hx
(defined on S2) be the restriction of h onto [x]. A.V. Pogorelov showed
the following result.

Theorem 1. If H is a smooth linearly additive Finsler metric in R3,
then there exists a uniquely determined locally finite signed measure µ in
the space E, with continuous density function h, such that

H(x,Ω) =

∫
S2

|(Ω, ξ)|hx(ξ) dξ for (x,Ω) ∈ R3 × S2. (1)

Here hx is the restriction of h onto [x], dξ - the spherical Lebesgue measure
on S2.

The measure µ is also called a Crofton measure for the Finsler metric
H. Thus, for smooth linearly additive Finsler metrics, Pogorelov’s result
establish the existence of a Crofton measure, in general not positive. The
equation (1), where H is a given even function and h is the unknown, we
will call the generalized cosine equation.

In [1] we propose an inversion formula for the solution of this integral
equation using integral and stochastic geometry methods.
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On differentiability of a flow for an SDE with
discontinuous drift

Aryasova O. and Pilipenko A.

(Institute of Geophysics and Institute of Mathematics, NAS, Ukraine)

oaryasova@gmail.com, apilip@imath.kiev.ua

Consider an SDE of the form{
dϕt(x) = a(ϕt(x))dt+ dw(t),

ϕ0(x) = x,
(1)

where x ∈ Rd, d ≥ 1, (w(t))t≥0 is a d-dimensional Wiener process, a =
(a1, . . . , ad) is a bounded measurable map from Rd to Rd.

According to [1] there exists a unique strong solution to the equation
(1).

We prove the existence of Sobolev derivative of the solution of (1)
w.r.t. the initial data when a is a vector function of bounded variation.
We show that the derivative is a solution of an integral equation. Solving
the equation we see that the derivative can be represented as a function
of an additive continuous functional of the process (ϕt(x))t≥0.

References

[1] A. Y. Veretennikov. On strong solutions and explicit formulas for solu-
tions of stochastic integral equations. Math. USSR Sborn., 39(3):387–
403, 1981.

83



Inference for stress-strength parameter of Levy
distribution based on type-II progressive censoring

Basirat M. (Islamic Azad University, Mashhad Branch, Iran)

basirat mb@yahoo.com

In probability theory the Levy Distribution, named after Paul Levy, is
a continuous probability distribution for a non-negative random variable.
It is one of the few distributions that are stable and that have probability
density functions that can be expressed analytically. For details see [5].

The probability density function of the Levy Distribution is as follows
(see, for example, [1], [3]):

f(x; γ, δ) =

√
γ

2π
(x− δ)− 3

2 exp(− γ

2(x− δ)
), (1)

where γ ∈ (0,∞) is the scale parameter, δ ∈ (−∞,∞) is the location
parameter and x > δ.

The Stress-Strength Parameter R = P (X < Y ) is an important relia-
bility parameter arising in the classical Stress-Strength reliability, where
one is interested in assessing the proportion of the times the random
strength Y of a component exceeds the random stress X to which the
component is subjected. There are several works on the estimation of R
based on the complete samples (see, for example, [1], [4]). But there is
not much attention based on censored samples. Asgharzadeh et al. [2]
propose Stress-Strength Parameter in Weibull distribution based on pro-
gressive censoring. In addition Saracoglu et al. [6] have been estimated
the Stress-Strength Parameter, when X and Y are independent exponen-
tial random variables based on progressively Type-II censored. Among
different censoring schemes, we consider progressive Type-II censoring.
Progressively Type-II censored sampling is an important method of ob-
taining data in lifetime studies.

In this paper we are going to study the Stress-Strength Parameter R
based on progressive Type-II censored samples, where X-sample and Y -
sample have the Levy Distribution (1), but with different parameters, and
two samples of this distributions are independent.
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The entropy of hidden Markov measure of Blackwell’s
type

Bezhaeva Z.I. and Oseledets V.I.

(NRU HSE MIEM, Moscow State University, Financial State University,
Russia)

zbejaeva@hse.ru, oseled@gmail.com

Consider the dynamical system (X,T, µ), where X = AZ is the full
symbolic compact set with the product topology with A = {0, 1, ..., d},
the shift is T : {xn} → {x′n}, x

′

n = xn+1 and the measure µ is a T -
invariant hidden Markov probability measure.

For all words a1...an the measure µ(a1...an) = µ({x : x1 = a1, ..., xn =
an}) = lma1 ...manr, where the matrices {m0, ...,md}, d ≥ 1 are nonzero
substochastic matrices of order J. Moreover, the matrix P = m0 + ...+md

is a stochastic matrix, the row l is a left P -invariant probability row and
all entries of the column r are equal to 1.

In symbolic dynamics Markov measures have been thoroughly studied.
Its entropy is given by an explicit formula.

It is noticeable that the computation of the entropy of hidden Markov
dynamical system is a difficult problem. We obtain an explicit formula
for the entropy h(T, µ) of hidden Markov measure of Blackwell’s type
satisfying rank(ma) = 1, a 6= 0.

The work is supported by RFBR grant 11-01-00982.
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On the asymptotic behavior of distributions of random
sequences with random indices and regularly varying

“tails”

Chitchyan R.N. (Yerevan State University, Armenia)

rchitchyan@gmail.com

In this paper we study the asymptotic behavior of the distribution
of the sum of a random number of random variables in the case where
the normalizing factors are represented in the form of regularly varying
functions. This result generalize the results of [1] - [3].

Definition 1. A function F (x) > 0, measurable on (0,+∞), is called
regularly varying at infinity with index α ∈ (−∞,+∞), if the function
L(t) = t−αF (t), t > 0 is slowly varying at infinity (SVFI), i.e. for any
fixed x > 0,

lim
t→+∞

L(xt)

L(t)
= 1

Theorem 1. Let {ξ(n)}∞n=1 and {τn}∞n=1 be two sequences of random
variables, and let their joint local distribution satisfies the following con-
dition:

P

(
ξ(n)− anαL1(n)

bnβL2(n)
< x,

τn − cnγM1(t)

dnδM2(t)
< y

)
→

n→∞
F (x, y),

where F (x, y) is a nonsingular joint limit distribution, for some constants
α > β, b 6= 0, γ > δ and d 6= 0, and some SVFI L1(t), L2(t), M1(t) and
M2(t). Then

P

(
ξ(τn)− gnλL(n)

hnµM(n)
< x

)
→

n→∞
H(x),

where the constants g, h, λ and µ, as well as the functions L(n),M(n) and
distribution function H(x) are described as follows:

I. if a = c = 0 , then g = 0, µ = βδ, h = bdβ , M = [M2(n)]β ·
L2(dnδM2(n)), and H(x) = P (ξ̄τ̄β < x), where ξ̄ and τ̄ are random
variables with joint distribution function F (x, y);

II. if a 6= 0, c = 0, then g = 0, µ = aδ, h = adα,M(n) = [M2(n)]α ·
L1(dnδM2(n)) and H(x) = P (τ̄α < x);

III. if a = 0, c 6= 0 or a 6= 0, c 6= 0 and γβ > γ(α − 1) + δ then λ =
γα, g = acα, µ = γβ, h = bcβ , L(n) = Mα

1 (n)L1(cnγM1(n)), M(n) =

Mβ
1 (n)L2(cnδM1(n)) , and H(x) = F (x,∞);
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IV. if a 6= 0, c 6= 0 and γβ < γ(α − 1) + δ then λ = γα, g = acα, µ =
γ(α − 1) + δ, h = adαcα−1, L(n) = Mα

1 (n)L1(cnγM1(n)), M(n) =
Mα−1

1 (n)M2(n) · L1(cnγM1(n)) and H(x) = F (∞, x);

V. if a 6= 0, c 6= 0 and γβ < γ(α− 1) + δ , then

a) provided that

lim
n→∞

Mα−1
1 (n)M2(n)L1(cnγM1(n))

Mβ(n)L2(cnγM1(n))
= p−1 (0 < p <∞),

λ = γα, g = acα, µ = γβ, h = 1,

L(n) = Mα
1 (n)L1(cnγM1(n)), M(n) = Mα−1

1 (n)M2(n)L1(cnγM1(n))

and

H(x) = P (adαcα−1τ̄ + bcβp−1ξ̄ < x);

b) if p = 0, then h = adαcα−1, M(n) = Mα−1
1 (n)L1(cnγM1(n)), H(x) =

F (∞, x);

c) if p = +∞, then h = bcβ , M(n) = Mβ
1 (n)L2(cnγM1(n)) and H(x) =

F (x,∞).

Remark 1. Under the conditions of the theorem, for uniform numbering
of variables ξ(n) and τn their independence is not required.

Remark 2. The functions L(n) and M(n) are SVFI.
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Oracle inequalities for aggregation of affine estimators

Dalalyan A. (ENSAE / CREST, France)

adalalyan@hotmail.com

We consider the problem of combining a (possibly uncountably in-
finite) set of affine estimators in non-parametric regression model with
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heteroscedastic Gaussian noise. Focusing on the exponentially weighted
aggregate, we prove a PAC-Bayesian type inequality that leads to sharp
oracle inequalities in discrete but also in continuous settings. The frame-
work is general enough to cover the combinations of various procedures
such as least square regression, kernel ridge regression, shrinking estima-
tors and many other estimators used in the literature on statistical inverse
problems. As a consequence, we show that the proposed aggregate pro-
vides an adaptive estimator in the exact minimax sense without neither
discretizing the range of tuning parameters nor splitting the set of obser-
vations. We also illustrate numerically the good performance achieved by
the exponentially weighted aggregate.

This is a joint work with J. Salmon.

Asymptotic properties of the maximum likelihood
estimators for some generalized Pareto-like frequency

distribution

Farbod D. (Quchan Institute of Engineering and Technology, Iran)

d.farbod@gmail.com

Astola and Danielian (2007), using Birth-Death Processes, constructed
some four-parametric Generalized Pareto-like Frequency Distribution aris-
ing in Bioinformatics as follows:


pα(x) = [g(α)]−1 · θx

(x+b)ρ

∏x−1
m=0

(
1 + c−1

(m+b)ρ

)
, x = 1, 2, ...,

pα(0) = [g(α)]−1 =
[
1 + θy

(y+b)ρ

∏y−1
m=0

(
1 + c−1

(m+b)ρ

)]−1

.

(1)

where θ ∈ (0, 1), c ∈ (0,∞), b ∈ (0,∞), ρ ∈ (1,∞).
As we see from (1), the model is determined by four parameters: the

role of the parameter θ here is explained by Astola and Danielian (2007,
Ch. 4, Th. 4.2); the parameter c is a so-called non-linear scale parameter
(or exponential scale parameter); the parameter b is a location parameter
and the parameter ρ characterizes the shape of the probability function.

Farbod and Gasparian (2013) fitted such distribution with the help of
two real data sets. They also proposed some conditions of solution coin-
cidence for the system of likelihood equations with the Maximum Likeli-
hood Estimators (MLE) for the parameters. Moreover, the Accumulation
Method for approximate computation of the MLE with simulation studies
have been given in [3].
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In this report, under some conditions (see, for example, Borovkov,
1998), the asymptotic properties (weak consistency, asymptotic normal-
ity, asymptotic efficiency, asymptotic unbiasedness) of the MLE for the
parameters of the model (1) are proposed.
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Asymptotic normality of the logarithm of partial
likelihood process in irregular case

Gasparian K.V. (Yerevan State University, Armenia)

kargasp@gmail.com

We will present a result concerning the asymptotic normality of the log-
arithm of Partial Likelihood Process for the sequence of binary statistical
experiments with arbitrary filtrations (without “usual” assumptions), ex-
tending the corresponding result obtained by J. Jacod in [1].
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Covariogram of a parallelogram

Gasparyan A. and Ohanyan V.K.

(Yerevan State University, Armenia)
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Let D ⊂ R2 be a bounded convex body with inner points in the Euclidean
plane. The function C(D,h) = L2(D ∩ (D − h)), h ∈ R2 is called the
covariogram of D (where L2(·) is the 2-dimensional Lebesgue measure
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in R2), see [1]. For any fixed direction u in the plane we denote by
b(D,u) the breadth of D in direction u (the distance between two parallel
support lines in direction u). A random line which is parallel to u and
intersects D has an intersection point (denote that point by x) with the
line which is parallel to direction u⊥(u⊥ is the direction perpendicular to
u) and passes through the origin. The intersection point x is uniformly
distributed over the interval [0, b(D,u)]. We can identify the points of
interval [0, b(D,u)] and the lines which intersect D and are parallel to u.
Denote the orientation-dependent chord length distribution function of D
in direction u by

F (D,u, t) =
L1{x : L1(gx(u) ∩D) ≤ t)

b(D,u)

where gx(u) is the line which is parallel to u and intersects [0, b(D,u)] at
the point x, L1(·) is the 1-dimensional Lebesgue measure. It is shown in
[2] that every planar convex body is determined within all planar convex
bodies by its covariogram, up to translations and reflections. Using the
formula F (D, t) = (∂D)−1

∫ π
0
F (D,u, t) · b(D,u)du we can calculate the

chord length distribution function for D (∂D is the perimeter of D). The
explicit forms of the covariogram and the orientation-dependent chord
length distribution function are known only for a disc and a triangle, see
[3]. We obtain:

1) The forms of the covariogram and the orientation-dependent chord
length distribution function for any parallelogram.

2) The form of the chord length distribution function for a parallel-
ogram.
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Set covariance and small-angle scattering intensity of an
isotropic set

Gille W. (Martin-Luther-University Halle-Wittenberg, Germany)

gille@physik.uni-halle.de

The elastic scattering of neutrons, X-rays and synchrotron scattering
by a thin, isotropic two-phase sample material is closely connected with
the concept of the set covariance of an isotropic set. Hence, results of
stochastic geometry are interrelated with experimental scattering intensity
curves I(h). Here, the variable h denotes the amount of the scattering
vector |h| = h = 4π/λ0 · sin(θ/2). The variables λ0 and θ denote the
wavelength of the radiation used and the scattering angle respectively.
Data points Ik(hk) represent geometric information in reciprocal space.

The connections between the density distribution of the sample ρ(rA)
(in stochastic geometry called indicator function i(rA) of the set) and
I(h) are based on first principles of wave propagation and interference.
The amplitude A(h) of the scattered wave results from a volume integral,
where the position vector rA “samples” the density of the material in real
space,

A(h) ∼
∫
Virr.

ρ(rA) exp[−i h · rA]dV.

The integration region is the whole irradiated sample volume Virr..
The step from A(h) to I(h) can be handled by use of the convolu-

tion theorem (see Gille, 2014, pp. 14–19). An isotropic sample results in
an isotropic intensity I(h). The parameters density difference and density
fluctuation are introduced. The real-space structure functions Z(r) (func-
tion of occupancy) and γ(r) (SAS correlation function) result. For the
connection to the set covariance C(r), where Z(r) ≡ C(r)/c, the distances
r between two random sample points A and B, r = AB, are of importance.
Algebraic manipulations lead to the identity γ(r) ≡ [C(r)/c− c]/(1− c),
which interrelates the particle volume fraction c, the sample correlation
function γ(r) and the set covariance C(r) for an isotropic two-phase par-
ticle ensemble, 0 < r < L and 0 ≤ c < 1. Normalization properties of
γ(r) are γ(0) = 1 and γ(∞) = 0.

In summary, denoting a point of observation by P, the amplitude of
the elastically scattered wave A(P ) in point P is directly connected to
the set covariance of the sample. Inserting a fixed order range L, it holds
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[A(P )]2 = I(h), i.e.,

I(h) =

∫ L

0

4πr2γ(r)
sin(hr)

hr
dr =

∫ L

0

4πr2

[
C(r)/c− c

1− c

]
sin(hr)

hr
dr.

Inversion allows to detect C(r) in terms of an experimental curve I(h).
This is of practical relevance (see Gille, 2012). There exist connections to
the chord length distributions (see Aharonyan and Ohanyan, 2012) of the
sample (of the set).

There are different denotations of the variables used in different fields
(see Gille, 2014, chapters 4–8). For cooperation between mathematicians
and physicists, the following remark is of importance: In most textbooks
of stochastic geometry, the variable h denotes the random distance be-
tween two points A and B. In physics this variable is always denoted by
r. The variable h is “reserved” for the scattering vector. However, r is
not a position vector. Furthermore, C(r) is rarely applied in physics. For
reasons of normalization, the function γ(r) is used instead.
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The Trace Approximation Problem for Toeplitz
Operators and Applications

Ginovyan M. and Sahakian A.

(Boston University, US & Institute of Mathematics NAS, Yerevan State
University, Armenia)

ginovyan@math.bu.edu, sart@ysu.am

Let f(λ) be an integrable real symmetric function defined on R :=
(−∞,∞). Given T > 0, the T -truncated Toeplitz operator generated by
f(λ), and denoted by WT (f), is defined by

[WT (f)u](t) =

∫ T

0

f̂(t− s)u(s)ds, u(s) ∈ L2[0, T ],
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where f̂(t) =
∫
R e

iλt f(λ) dλ, t ∈ R, is the Fourier-Plancherel transform of
f(λ). It is clear that

tr [WT (f)] =

∫ T

0

f̂(t− t)dt = T

∫ +∞

−∞
f(λ)dλ.

We pose the following question: what happens when the operator WT (f)
is replaced by a product of Toeplitz operators, or by the inverse of a
Toeplitz operator? Observe that the product of Toeplitz operators and
the inverse of a Toeplitz operator in general are not Toeplitz operators.

The idea, which goes back to the classical works by G. Szegö is: to
approximate the trace of the product of Toeplitz operators (resp. the
trace of the inverse of a Toeplitz operator) by the trace of a Toeplitz
operator generated by the product of the generating functions (resp. by
the trace of a Toeplitz operator generated by the inverse of the generating
function), e.g.,

tr
[
WT (f)W−1

T (g)
]
≈ tr [WT (f/g)] = T

∫ +∞

−∞
f(λ)/g(λ)dλ.

The next question that arise, and is of interest in applications, is: how
well are the approximations, or more precisely, what are the rates of con-
vergence to zero of the corresponding approximation errors?

Notice that the above questions are also of interest for Toeplitz matri-
ces. All the above can be embedded into the following trace approximation
problem for Toeplitz operators and matrices.

Let H = {h1, h2, . . . , hm} be a collection of integrable real symmetric
functions defined on the domain Λ, where Λ = R or Λ = (−π.π], and let
AT (hk) denote either the T -truncated Toeplitz operator, or the (T × T )-
Toeplitz matrix, generated by function hk. Further, let τ := {τk : τk ∈
{−1, 1}, k = 1,m} be a given sequence of ±1’s. Define

SA,H,τ (T ) :=
1

T
tr

[
m∏
k=1

{AT (hk}τk
]
,

MΛ,H,τ := (2π)m−1

∫
Λ

m∏
k=1

[hk(λ)]τkdλ,

and set

∆A,Λ,H,τ (T ) := |SA,H,τ (T )−MΛ,H,τ |.

The problem is to approximate SA,H,τ (T ) by MΛ,H,τ and estimate the
error rate for ∆A,Λ,H,τ (T ) as T →∞. More precisely, for a given sequence
τ = {τk ∈ {−1, 1}, k = 1,m}, find conditions on functions {hk(λ), k =
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1,m} such that:

Problem (A) : ∆A,Λ,H,τ (T ) = o(1) as T →∞, or

Problem (B) : ∆A,Λ,H,τ (T ) = O(T−γ), γ > 0, as T →∞.

In this talk we present some results concerning Problems (A) and (B)
for Toeplitz operators, in the special case where τk = 1, k = 1,m, and
some applications to stationary processes.

On a measure with maximal entropy for a suspension
flow over a countable state Markov shift

Gurevich B.M. (Moscow State University,
Institute for Information Transition Problems RAS, Russia)

bmgbmg2@gmail.com

The subject of the talk belongs to thermodynamic formalism for a
countable alphabet Markov shift [1], [2]. (For applications of this theory
to smooth dynamics see, e.g., [3] and [4].)

Let G = (V,E) be a directed graph, V = N, and (X,T ) the topo-
logical Markov shift induced by G, i.e., T is the shift transformation on
X = X(G), the space of all the infinite two-sided paths in G (for x ∈ X
we write x = (xi, i ∈ Z)). Assuming that the graph G is connected, we
consider a function f : X → [c,∞), c > 0, with summable variations and
a suspension (or special) flow (Xf , St) determined by (X,T ) and f (here
Xf = {(x, u) ∈ X × R+ : u < f(x)}). A key tool in the proof of the
main statement in [4] is theorem 2.1 therein that provides conditions on
a T -invariant probability measure µ on X under which the St-invariant
probability measure µf on Xf induced by µ in a canonical way has max-
imal entropy with respect of the flow (Xf , St). We note that if such a
measure µ exists, it is unique. Moreover, if f(x) depends on x0 only, then
µ can be obtained in an explicit form. Using this fact, we essentially relax
the above-mentioned conditions on µ in the general case.

The work is partially supported by RFBR grant 11-01-00982.
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Linear and planar sections of convex domains

Harutyunyan H.S. and Ohanyan V.K.

(Yerevan State University, Armenia)

hrach87@gmail.com, victo@aua.am

Let D ⊂ R2 be a bounded convex body with inner points in the Eu-
clidean plane. The function C(D,h) = L2(D ∩ (D − h)), h ∈ R2 is called
the covariogram of D (where L2(·) is the 2-dimensional Lebesgue mea-
sure in R2), see [1]. For any fixed direction u in the plane we denote by
b(D,u) the breadth of D in direction u (the distance between two parallel
support lines in direction u). A random line which is parallel to u and
intersects D has an intersection point (denote that point by x) with the
line which is parallel to direction u⊥(u⊥ is the direction perpendicular to
u) and passes through the origin. The intersection point x is uniformly
distributed over the interval [0, b(D,u)]. We can identify the points of
interval [0, b(D,u)] and the lines which intersect D and are parallel to u.
Denote the orientation-dependent chord length distribution function of
D in direction u by F (D,u, t) = L1{x : L1(gx(u) ∩ D) ≤ t}(b(D,u))−1,
where gx(u) is the line which is parallel to u and intersects [0, b(D,u)] at
the point x, L1(·) is the 1-dimensional Lebesgue measure. The explicit
forms of the covariogram and the orientation-dependent chord length dis-
tribution function are known only for a disc and a triangle (see [3]). De-
note by E the space of all planes in R3. Each e ∈ E can be introduced
by spatial direction ω and the distance p of the plane e from the origin.
A random plane with direction ω and intersecting D has an intersection
point (denote that point by p) with the line which is parallel to direction
ω and passes through the origin. The intersection point p is uniformly
distributed over the interval [0, b(D,ω)], where b(D,ω) is the distance
between two support planes to D ⊂ R3 with direction ω. The distribu-
tion function of the orientation dependent cross-section area is defined as
F(D,ω, t) = L1{p : L2{ep(ω) ∩D} ≤ t}(b(D,ω))−1, where ep(ω) is the
plane with direction ω intersecting [0, b(D,u)] at the point p. Orientation-
dependent cross-section area distribution function is known only in the
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case of a ball. We find: 1) F (D,u, t) for a regular polygon and ellipse;
2) F(D,ω, t) for an ellipsoid and cylinder. Particularly, in the case of a
regular polygon, by integrating F (D,u, t) for all directions u we obtain
the result obtained in [2].
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Martingale method in the theory of random fields and its
application in statistical physics

Khachatryan L.A. (Institute of Mathematics NAS, Armenia)

lindakhim@gmail.com

Martingale method is one of the most useful in the theory of random
processes, particularly in problems of convergence of sequences of random
variables and in limit theorems for sums of random summands. At the
same time this method still does not sufficiently employ in the multidi-
mensional problems and particularly in the theory of random fields.

In [1] the notion of martingale–difference random fields was introduced.
These random fields are interesting for several reasons: the CLT for
such fields is valid under minimal conditions ([2]) and for some class of
martingale–difference random fields the exact asymptotic for all moments
of sums of their components is known ([3]). This facts allow to prove the
convergence of the moments in the central limit theorem for martingale–
difference random fields ([3]) and estimate the convergence rate in the
central limit theorem for such fields.

Here we present a new approach for proving limit theorems for ran-
dom fields, which essentially used the above mentioned properties of
martingale–differences. This approach allows to widen the range of va-
lidity of limit theorems (the central, the functional and the local limit
theorems) for random fields. The idea of this approach is the follow-
ing: using the appropriated randomization we can correspond to a given
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random field a new one (associated random field), which is a martingale–
difference ( [4]). There is a connection formula between the finite dimen-
sional probability distributions of the given and associated random fields.
By means of this formula one can study the behavior of a given random
field by knowing the behavior of associated martingale-difference random
field.

This approach can be successfully applied to Gibbs random fields. Par-
ticularly one can prove the asymptotical normality of total spin for Ising
model outside the critical point. Moreover, in [5] it was presented an ex-
ample of martingale–difference random field, associated with Ising model,
for which the central limit theorem is valid even at a critical point. We
hope that the martingale method will allow to investigate the behavior of
the total spin at the critical point for the Ising model.
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Compound kernel estimates for some Markov processes

Knopova V. (V.M. Glushkov Institute of Cybernetics, NAS, Ukraine)

vic knopova@gmx.de

Consider the integro-differential equation

∂
∂tu(t, x) = L(x,D)u(t, x), t > 0, x ∈ Rn, (1)

where the operator L(x,D) is defined on functions φ from the Schwartz
space as
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L(x,D)φ(x) := a(x)∇φ(x)+

∫ n

R

(
φ(x+u)−φ(x)−u∇φ(x)1{‖u‖≤1}

)
µ(x, du),

and the kernel µ(x, du) satisfies supx
∫ n
R

(1 ∧ ‖u‖2)µ(x, du) < ∞. By de-
veloping a version of the parametrix method, we prove the existence of
the fundamental solution to (1), and show that this solution gives rise to a
Feller process. As an application of our approach, we prove the criterion
on the existence of the continuous additive functional corresponding to
the process.

The talk is based on the joint work with Aleksei Kulik.
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Classification of linear cocycles: barycenter method

Lipatov M. (National Research University Higher School of Economics,
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In this talk we consider a geometric approach to the problem of clas-
sification (up to cohomology) of linear cocycles over dynamical systems.
Let T be an ergodic measure-preserving automorphism of a probability
space (Ω,F ,P). Any measurable function A : Ω → GL(l,R) generates a
linear cocycle (over T ) which is a random sequence defined by

An(ω) :=


A(Tn−1ω) . . . A(Tω)A(ω), n ≥ 1,

Id, n = 0,

A−1(Tnω) . . . A−1(T−1ω), n ≤ −1.

Two such cocycles An(ω) and Bn(ω) are called cohomologous if there
exists a measurable function C : Ω→ GL(l,R) such that

B(ω) = C−1(Tω)A(ω)C(ω) a.e.

The paper [1] proves that any GL(l,R)-valued cocycle is cohomologous
to a block-triangular cocycle with irreducible block-conformal subcocycles
on the diagonal (Jordan normal form). A similar result was obtained in [2,
3] in the case l = 2 with the help of the barycenter method. This method
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allows one to express the conjugating matrix C(ω) in explicit form, as op-
posed to the method in [1] which is based on using Furstenberg’s lemma.
In this talk we present the extension of the barycenter method to the
case of arbitrary l. We give a new construction of Zimmer’s linear cover
of the supports of so-called ergodic invariant measures on RP k−1 of irre-
ducible GL(k,R)-valued cocycles. Using it we reduce an arbitrary linear
cocycle to the Jordan normal form with the conjugating matrix expressed
via barycenters of measures on the boundary of the symmetric spaces
PGL(m,R)/PO(m).

Acknowledgements. The work was supported by the Russian Founda-
tion for Basic Research, grant No 11-01-00982a.
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Iterative searching for the Poisson inter-arrival times of
precipitations in Poznań area

Marlewski A., Mazurkiewicz K. and Sowiński M.

(Poznań University of Technology, Poland)

adam.marlewski@put.poznan.pl

Because of the complexity of meteorological phenomena and their di-
versity linked to the geographical location there are still worked out the
methods to describe (as well as to determinate parameters of) theoretical
distributions, which are good enough to model empirical distributions.
Such investigations concern the whole Earth as well as concrete regions,
and with respect to the rainfall events they are reported, for instance,
in papers authored by P.Droogers and J.Hunink (2012), by A.Gevorgyan
(2012) and by Astsatryan et al. (2013) relating to Armenia, and in papers
by Z.Komar (2010), by M.Czarnecka and J.Nidzgorska-Lencewicz (2011)
and by R.Twardosz et al. (2012) dealing with Polish realities.

In this paper we base on data recorded in recent years in the warm half-
year (months April-October, when circa 70% of annual precipitations is
realized) in 3 measuring stations in Poznań (central Poland) and we look
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for a statistical description, as a Poisson process, of the distribution of the
inter-arrival times of rainfalls. To do it we have to recognize independent
rainfall events. It is still not worked out the clear definition what does this
notion stands for, the simplest approach is to fix an arbitrarily established
time (e.g., two consecutive rainfalls are independent if they are separated
by at least one rainless hour).

We take into consideration only the rain itself (which does not mean
that we can not formulate proposals relating to specific situations, such
as the urban drainage network). First, we discretize data (in a single sea-
son and from one measurement station we get a collection of more than
quarter of a million records, gathered minute by minute by rain-gauges
working continuously). Next, we eliminate isolated insignificant precipi-
tations (i.e., that of the size ≤ 0.2 mm and far enough from closest rains)
and we start an iterative procedure (with respect to the first dry time, se-
quentially increased by 30 minutes) to find the shortest dry period which
can be accepted as that separating the independent rainfalls. Having a
rainless period equal to m minutes (at the beginning m=45) we count
how many times it started raining in every next 30-minute interval, and
this way we get the empirical distribution. It produces the estimator to
the parameter of the exponential distribution, and we apply Pearson chi-
squared test (with the significance level 0.01) on the consistency with the
theoretical distribution. If it reveals there is no reason to reject the null
hypothesis, we accept m as the minimal gap which separates rainfalls con-
sidered as independent ones; otherwise we increase m to have m+ 30 , at
the same time we reduce the number of 30-minute intervals by 1, and we
repeat the procedure. This approach was advised by Wolfgang Schilling
in 1984 (and, as far as we know, it was not applied in the way we do) and
in our research it produces m=675 minutes for every examined station.
This big value may be surprising (it is rather claimed the gap between
the rains is no higher than 2 hours), nevertheless it is contained within
the range, which - by using other methods - has been received, in 1994,
by Jennifer Wynn.

The reconstruction of specification by its one-point
subsystem and justification for Gibbs formula

Nahapetian B.S. (Institute of Mathematics NAS, Armenia)

nahapet@instmath.sci.am

The notion of specification (consistent system of probability distribu-
tions in finite volumes indexed by infinite boundary conditions) is the basic
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one in the theory of random fields and in mathematical statistical physics.
The theory of description of random fields by means of specification was
constructed by Dobrushin ([1, 5, 3]). In his works Dobrushin noted the
importance of the problem of finding consistency conditions for a given
system of one-point distributions with infinite boundary conditions to be
a subsystem of some specification. The answer to this problem would not
only permit one to reformulate Dobrushin’s theory in terms of one-point
conditional distributions, but also develop the theory in various directions.

Here we propose a solution to that problem by giving necessary and suf-
ficient consistency conditions for a given system of one-point distributions
to be a subsystem of some specification ([4, 5]). Also we give probabilistic,
algebraic and physical interpretations of these conditions ([6]). We show
that considering physical interpretation gives the possibility to justify the
known Gibbs formula (distribution) by the variation principle.

The description of specifications and random fields by means of one-
point conditional distributions gave a possibility to formulate a Gibbsian-
ness criteria in terms of one-point conditional distribution ([7]). These
criteria allows one to develop an alternative approach to the Gibbs the-
ory by giving a probabilistically explicit definition of Gibbs random field.
Here we present some introductory steps in this direction.
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Tomography problems of pattern recognition

Ohanyan V.K. (Yerevan State University, Armenia)

victo@aua.am

The present report contains a review of the main results of Yerevan
research group in tomography of planar bounded convex domains. Let
D be a convex body in n-dimensional Euclidean space Rn and Ln(·) be
the n-dimensional Lebesgue measure. The covariogram of a D is defined
for h ∈ Rn by C(D,h) = Ln(D ∩ (D − h)). G. Matheron conjectured
that a planar convex body is uniquely determined by its covariogram. In
the plane, an affirmative answer to the covariogram problem for convex
bodies was given in [1]. Very little is known regarding the covariogram
problem when the space dimension is larger than 2. It is known that
centrally symmetric convex bodies in any dimension are determined by
their covariogram, up to translations. Bianchi (see [1]) found counterex-
amples to the covariogram conjecture in dimensions greater than or equal
to 4, and a positive answer for three-dimensional polytopes. The general
three-dimensional case is still open. Denote by F (D, u, x) the orientation-
dependent chord length distribution function. Obtaining the explicit form
of the covariogram for any convex body is very difficult problem, but we
can obtain covariograms for a subclass of convex bodies. These forms
help us to solve many probabilistic problems, in particular calculate chord
length distribution functions F (D, x) and F (D, u, x) (see [2]). It is proved
in [2] that for any finite subset A from S1 (S1 is the circle of unit ra-
dius centered at the origin), there are two non-congruent domains for
which orientation-dependent chord length distribution functions coincide
for any direction from A. Moreover, in [2] explicit forms for covariogram
and F (D, u, x) for arbitrary triangle are obtained. Finally, if we have
the values of F (D, u, x) for a dense set from S1, then we can uniquely
recognize a triangle (see [2]).
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On the limit behavior of a sequence of Markov processes
with irregular behavior at a fixed point

Pilipenko A. (Institute of Mathematics NAS, Ukraine)

pilipenko.ay@yandex.ua

We study the limit behavior of a sequence of Markov processes {Xn}
such that their distributions outside any neighborhood of a fixed “singu-
lar” point attracts to some law. In a neighborhood of this point a behavior
of {Xn} may be irregular.

As an example of the general results, we consider a limit of a sequence

{Xn(t) = S([nt])√
n
, n ≥ 1}, where {S(n), n ≥ 0} is a Markov chain on Z

with transition probabilities:

pi,i±1 = 1/2, |i| > m,

and with finite expectation of a jump for |i| ≤ m :∑
j

pij |j| <∞, |i| ≤ m.

The limit of this sequence is a skew Brownian motion [1], i.e. a continuous
Markov process with transition density

pt(x, y) = ϕt(x− y) + γsign(y)ϕt(|x|+ |y|), x, y ∈ R,

where γ ∈ [−1, 1], ϕt(x) = 1√
2πt

e−x
2/2t is a density of the normal distribu-

tion N(0, t). A parameter γ is calculated explicitly in terms of transition
probabilities ‖pij‖. Note that in contrast to [2, 3, 4, 5] we do not assume
boundedness of jumps if |i| ≤ m.
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Cluster expansions and construction of point processes in
statistical mechanics

Poghosyan S. (Institute of Mathematics of NAS, Armenia)

surpo@instmath.sci.am, suren.poghosyan@unicam.it

Using a new approach which is based on the method of cluster ex-
pansions we reconsider the problem of construction of interacting point
processes. For a large class of signed locally finite measures L defined
on the space of finite configurations in the underlying phase space X, we
construct the associated point process PL on X i.e. a probability measure
on the space of locally finite configurations of X.

In special case, where L is given in terms of Ursell functions defined
for some underlying pair potential, we obtain point processes of classical
statistical mechanics, also processes which are associated to continuous
quantum systems in Feynman - Kac representation.

Moreover, for the case of non negative pair potential we prove that these
processes are the Gibbs processes in the sense of Dobrushin, Lanford and
Ruelle.

Under natural conditions on the pair interaction we prove also the
existence of the Gibbs modifications of the processes PL.

(A joint work with Benjamin Nehring and Hans Zessin)

Limit theorems for mixed stochastic differential equations

Shevchenko G. (Taras Shevchenko National University of Kyiv,
Ukraine)

zhora@univ.kiev.ua

The main object of the talk will be so-called mixed stochastic differen-
tial equation in Rd:

Xt = X0 +

∫ t

0

a(Xs)ds+

∫ t

0

b(Xs)dWs +

∫ t

0

c(Xs)dB
H
s , (1)

where W = {Wt, t ≥ 0} is a standard Wiener process, B =
{
BHt , t ≥ 0

}
is a fractional Brownian motion with the Hurst parameter H > 1/2.
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The motivation to consider such equations comes from financial math-
ematics, where it is useful to distinguish between two main sources of
randomness. The first source is the stock exchange itself with thousands
of agents; the noise coming from this source can be assumed white and
is best modeled by a Wiener process. The second source is the financial
and economical background. The random noise coming from this source
usually has a long range dependence property, which can be modeled by
a fractional Brownian motion BH with the Hurst parameter H > 1/2.

In my talk I will concentrate on limit theorems for equations (1), in-
cluding stability of solutions under convergence of noises and coefficients
and convergence of Euler approximations.
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The probabilistic approximation of the one-dimensional
initial-boundary value problem solution

Smorodina N.V. (St.Petersburg State University, Russia)

nsmorodna@yahoo.com

We consider the equation

∂u

∂t
=
σ2

2

∂2u

∂x2
+ f(x)u,

where σ is a complex-valued parameter satisfying Reσ2 ≥ 0. When σ is
real, this equation corresponds to the Heat equation, while for Reσ2 = 0
it corresponds to the Schrödinger equation. For this equation we consider
the initial-boundary value problem with Dirichlet conditions

u(0, x) = ϕ(x), u(t, a) = 0, u(t, b) = 0.

In the case when σ is real, there exists a probabilistic representation of
the solution in the form of the mathematical expectation (the so called
Feynman-Kac formula), namely,

u(t, x) = E
{
ϕ(ξ̃x(t ∧ τ))e

∫ t∧τ
0

f(ξ̃x(v))dv
}
,
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where ξ̃x(t) is a Brownian motion with a parameter σ, killed at the exit
time τ from the interval [a, b]. Basing on this representation, one can ap-
proximate the solution using some suitable approximation of the Wiener
process. This approach doesn’t work if Imσ 6= 0. It is known that when σ
is not a real number, no analogue of the Wiener measure exists, and hence
one can not present the Feynman -Kac formula as an integral with respect
to a σ-additive measure in a trajectory space. When Reσ2 = 0 (that corre-
sponds to the Schrödinger equation) one can use an integral with respect
to the so called Feynman measure, which is a finitely-additive complex
measure in the trajectory space defined as a limit over a sequence of par-
titions of an interval [0, T ]. It should be mentioned that this approach is
not a probabilistic one in the usual sense, since the very notion of the prob-
ability space does not appear in it. To get the stochastic approximation
of the solution we use another approach based on the theory of general-
ized functions. On a special probability space we define the sequence of
probability measures {Pn} and the limit object L = limn→∞ Pn, which
is not a measure but only a generalized function. This means that the
convergence

∫
fdPn → (L, f) is valid only for test functions f . On this

probability space we define a complex-valued process so that the math-
ematical expectation with respect to the measure Pn of some functional
of this process converges to the value of the generalized function applied
to this test function, leading to the solution of the initial-boundary value
problem.

On random sections of octahedra

Sukiasyan H.S. (Institute of Mathematics of NAS, Armenia)

haikarin@netsys.am

In Euclidean space R3 we consider a family of convex octahedra. Oc-
tahedron is a polyhedron with 8 triangle faces, 12 edges and 6 vertices.
Each vertex is the common point of four edges.

The sections of convex octahedra by random planes are studied. The
distribution of random planes is generated by the measure of the planes,
which is invariant with respect to Euclidean motions in R3. The proba-
bilities Pn of events that these sections are n-gon are considered, n = 4, 6.

Using R.Ambartzumian’s combinatorial formula (see [1]) the probabil-
ities Pn are calculated. It is proved that P4 reaches his minimal value and
P6 reaches his maximal value for regular octahedron. The asymptotic be-
havior of these probabilities is investigated as the altitude trends to zero
or infinity. For these probabilities we obtain the inequalities, which hold
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for any altitude. The similar results for parallelepipeds was obtained in
[2].
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Algebra and Geometry

On isotopic semirings

Abrahamyan L.R. (Scientific center of Artsakh, Artsakh)

liana abrahamyan@mail.ru

Definition 1. A semiring is a set R equipped with two binary operations
+ and · called addition and multiplication, such that
1. (R,+) is a commutative monoid with identity element 0:

1. (a+ b) + c = a+ (b+ c)
2. 0 + a = a+ 0 = a
3. a+ b = b+ a

2. (R, ·) is a monoid with identity element 1:

1. (ab)c = a(bc)
2. 1a = a1 = a

3. Multiplication left and right distributes over addition:

1. a(b+ c) = (ab) + (ac)
2. (a+ b)c = (ac) + (bc)

4. Multiplication by 0 annihilates R:

1. 0a = a0 = 0

Definition 2. A semiring (R,+, ·) is called commutative, if (R, ·) is a
commutative groupoid.

For two concepts of isotopic algebras considered in [1] and [2] we prove
the following result.

Theorem 1. Isotopic semirings are isomorphic.
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Relative derived categories and their equivalences

Asadollahi J. (University of Isfahan, Iran)

asadollahi@ipm.ir

In this talk we study relative derived category of an abelian category A
with respect to a contravariantly finite subcategory C. We mainly focus on
the case where A has enough projectives and C is the class of Gorenstein
projective objects. In this case the C-relative derived category is called
Gorenstein derived category.

Completeness of automorphisms groups of free periodic
groups

Atabekyan V.S. (Yerevan State University, Armenia)

varujan@atabekyan.com

A group is called complete, if it has a trivial center and each of its
automorphisms is inner. If the center of a group G is trivial, then it is
embedded into the group of its automorphisms Aut(G). This allows to
consider the automorphism tower

G = G0 CG1 C · · ·CGk C · · ·,
where Gk = Aut(Gk−1) and Gk is identified with Inn(Gk) under the
embedding Gk ↪→ Aut(Gk), g 7→ ig (k = 1, 2, ...). It is clear that if
the group of automorphisms of centerless group G0 is complete, then its
automorphism tower terminates after the first step. According to classical
Wielandt’s theorem, the automorphism tower of any finite centerless group
terminates after a finite number of steps. For infinite groups the analogous
statement is false. In 1975 J. Dyer and E. Formanek in [1], [2] proved that
if F is a free group of finite rank > 1, then its group of automorphisms
Aut(F ) is complete. V. Tolstikh in [3] proved the completeness of Aut(F )
for free groups F of infinite rank.

We will establish that the automorphism tower of non-cyclic free Burn-
side group B(m,n) is terminated on the first step for any odd n ≥ 1003.
Hence, the automorphism tower problem for groups B(m,n) is solved.
We show that it is as short as the automorphism tower of the absolutely
free groups. In particular, the group Aut(B(m,n)) is complete.

Theorem 1. The automorphisms group Aut(B(m,n)) of the free Burn-
side group B(m,n) is complete for any odd n ≥ 1003 and m > 1.

Theorem 2. The automorphisms groups Aut(B(m,n)) and Aut(B(k, n))
are isomorphic if and only if m = k (for any odd n ≥ 1003).

109



Theorem 3. For any odd n ≥ 1003 and m > 1, the group of all in-
ner automorphisms Inn(B(m,n)) is the unique normal subgroup of the
group Aut(B(m,n)) among all subgroups, which are isomorphic to a free
Burnside group B(s, n) of some rank s.
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On some rational and integral complex genera

Bakuradze M. (Tbilisi State University, Georgia)

malkhaz.Bakuradze@tsu.ge

The general four variable complex elliptic genus φKH on MU∗ ⊗ Q
is defined in [5],[6] to satisfy the following property: if one denotes by
fKr(x) the exponent of the Krichever [2], [3], [6] universal formal group
law FKr, then the series h(x) := f ′Kr(x)/fKr(x) satisfies the differential
equation (h′(x))2 = S(h(x)), where S(x) = x4 + p1x

3 + p2x
2 + p3x+ p4,

the generic monic polynomial of degree 4 with formal parameters pi of
weights |pi| = 2i.

To generalize naturally Oshanin’s elliptic genus from ΩSO∗ ⊗Q to Q[µ, ε]
[8], new elliptic genus ψ is defined in [9] to be the genus ψ : MU∗ ⊗Q→
Q[p1, p2, p3, p4] whose logarithm is equal to

∫ x

0

dt

ω(t)
, ω(t) =

√
1 + p1t+ p2t2 + p3t3 + p4t4,

and pi are again formal parameters, |pi| = 2i.
Clearly, to calculate the values of ψ on CPi, the generators of the

rational complex bordism ring [7] MU∗ ⊗ Q = Q[CP1, CP2, . . . ] we need
only the Taylor expansion of (1 + y)−1/2 as by above definition log′ψ =∑
i≥1 ψ(CPi)x

i.
It is natural to ask if there exists similar elementary method, different

from formulas in [4], [5], for calculation of φKH . Our answer is the formula

φKH = ψ ◦ κ−1,

110



where ψ is the genus mentioned above and κ classifies the formal group law
strictly isomorphic [7] to the universal formal group law under strict iso-
morphism ν(x) = xCP (x). The values κ(CPi) are determined by equating

the coefficients at xi in
∑
i≥1

κ(CPi)
i+1 xi+1 =

∑
i≥1

CPi
i+1 (ν−1(x))i+1.

We construct certain elements Aij in the Lazard ring and give an alter-
native definition of the universal Buchstaber [2] formal group law. This
implies that the universal Buchstaber and Krichever formal group laws co-
incide and the corresponding coefficient ring is the quotient of the Lazard
ring by the ideal generated by all Aij , i, j ≥ 3.

The work was partially supported by Volkswagen Foundation, Ref. No
85 989.

References

[1] M. Bakuradze, Formal group laws by Buchstaber, Krichever and Nadi-
radze coincide, Uspekhi Mat. Nauk, 68:3, (2013), 189-190.

[2] V. M. Buchstaber, Uspekhi Mat. Nauk, Vol 45, Issue 3(273),
(1990)185-186.

[3] V. M. Buchstaber, E.Yu. Bunkova, Funct. Anal. and appl. 45:2,
(2011)23–44.

[4] V. Buchstaber, T. Panov, and N. Ray, Intern. Math. Research Notices,
Vol 2010 No. 16, 3207-3262.
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On hypergroups over the group and extensions of a group

Dalalyan S. (Yerevan State University, Armenia)

dalalyan@ysu.am

A hypergroup over the group (for the original definition see [1]) is an
algebraic object, consisting of the database (B0) - (B4), satisfying the
axioms (A1) - (A5). The database is the following.

(B0) A (multiplicative) group H.
(B1) A right quasigroup M with the binary operation

Ξ : M ×M →M, ab→ [a, b]

and with a (unique!) left neutral element.

111



(B2) A ”scalar product on M with values in H”, that is a mapping

Λ : M ×M → H, ab→ (a, b).

(B3) A right action of the group H on the set M :

Φ : M ×H →M, aα→ aα.

(B4) A ”left action of M on H”, that is a mapping

Ψ : M ×H → H, aα→ aα.

We demand that this mapping was surjective.

The list of the axioms is the following.

(A1) a(α · β) = aα · aαβ;

(A2) [a, b]α = [a
bα, bα];

(A3) (a, b) · [a,b]α = a(bα) · (abα, bα);
(A4) [[a, b], c]) = [a(b,c), [b, c]];
(A5) (a, b) · ([a, b], c) = a(b, c) · (a(b,c), [b, c]).

This hypergroup is denoted by HM . An action A of the group

HM = {λ : M → H}

is defined on the set Hg(H,m) of classes of isomorphic hypergroups hM
with cardinality |M | = m.

Theorem 1. Let Hg(H,m)/HM be the set of orbits with respect of action
A and Ext(H,m) be the set of classes of isomorphic extensions G of the
group H of index m. Then there exists a canonical isomorphism between
Hg(H,m)/HM and Ext(H,m).
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On regular medial division n-ary groupoids

Davidov S.S. (Yerevan State University, Armenia)

davidov@ysu.am

The algebra (Q,Σ) is said to be medial, if it satisfies the mediality
hyperidentity, i.e. for any f, g ∈ Σ:

f(g(x11,..., x1n),..., g(xm1,..., xmn))=g(f(x11, ..., xm1), ..., f(x1n, ..., xmn)).
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In particular, the n–ary groupoid Q(f) is said to be medial, if it satisfies
the identity

f(f(x11,..., x1n),..., f(xn1,..., xnn))=f(f(x11, ..., xn1), ..., f(x1n, ..., xnn)).

Let Q() be an n–groupoid. Denote by a the sequence an1 ∈ Qn. Denote
by Li(a) the map of Q to Q such that

Li(a)x = (a1...ai−1xai+1...an) = (ai−1
1 xani+1),

for all x ∈ Q. The map Li(a) is called an i–translation with respect to a.
The n–groupoid Q() is called a division (quasigroup) if every Li(a) is

a surjection (bijection) for all a ∈ Qn and all i = 1, ..., n.
The n–groupoid Q() is called i–regular if Li(a) = Li(b), whenever

a, b ∈ Qn and Li(a)c = Li(b)c, for some c ∈ Q. The n– groupoid Q() is
called regular if it is i–regular, for all i = 1, ..., n.

Theorem. Let Q() be a regular medial division n–groupoid. Then there
exist an abelian group, Q(+), its pairwise commuting surjective endomor-
phisms, α1, ..., αn, and a fixed element b of the set, Q, such that

(x1x2...xn) = (xn1 ) = α1x1 + α2x2 + ...+ αnxn + b,

for all xi ∈ Q, i = 1, . . . , n.

Theorem. Finely generated medial division n-ary groupoid is an n-ary
quasigroup.

Periodic groups saturated by direct products of Suzuki
groups and elementary Abelian 2-groups

Duzh A.A. and Lytkina D.V. (Krasnoyarsk State Agrarian
University, Siberian State University of Telecommunications and

Information Sciences, Russia)

anyaduzh@yandex.ru, daria.lytkin@gmail.com

Let M be a non-empty set of finite groups. We say that a group G is
saturated by groups from M, iff every finite subgroup of G is contained
in a subgroup of G, isomorphic to an element of M [3].

One can find a review of the results on the structure of groups saturated
by various sets of groups in [1].

In particular, K. Philippov [2] showed, that a periodic group saturated
by simple Suzuki groups is isomorphic to a simple Suzuki group over a
locally finite field of characteristic 2.
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We generalize this result as follows.
Suppose that M = {Sz(22m+1)× Vn | m = 1, 2, ..., n = 1, 2, ...}, where

Vn is an elementary Abelian 2-group of order 2n.

Theorem. If G is a periodic group saturated by M, then G ' P × V ,
where V is an elementary Abelian 2-group, and P ' Sz(Q) for some
locally finite field Q of characteristic 2. In particular, G is locally finite.

The work is supported by RFBR (grant 09-01-00717-a).
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On algebras with medial-like hyperidentities

Ehsani A. (Islamic Azad University, Mahshahr Branch, Iran)

a.ehsani@mahshahriau.ac.ir

Let us consider the following hyperidentities:

g(f(x, y), f(u, v)) = f(g(x, u), g(y, v)), (Mediality) (1)

g(f(x, y), f(u, v)) = f(g(v, y), g(u, x)), (Paramediality) (2)

g(f(x, y), f(u, v)) = g(f(x, u), f(y, v)), (Co-mediality) (3)

g(f(x, y), f(u, v)) = g(f(v, y), f(u, x)), (Co-paramediality) (4)

g(f(x, y), f(y, v)) = f(g(x, u), g(u, v)), (Intermediality) (5)

g(f(x, y), f(u, y)) = f(g(x, v), g(u, v)), (6)

g(f(x, y), f(u, y)) = f(g(x, v), g(v, u)), (7)

f(x, x) = x. (Idempotency) (8)

The algebra (A,F ) is called:

• medial, if it satisfies the hyperidentity (1),
• paramedial, if it satisfies the hyperidentity (2),
• co-medial, if it satisfies the hyperidentity (3),
• co-paramedial, if it satisfies the hyperidentity (4),
• idempotent, if it satisfies the hyperidentity (8),
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for every f, g ∈ F . The algebra (A,F ) is called mode, if it is medial and
idempotent.

The following characterization of medial algebars with quasigroup op-
erations was obtained by Yu. M. Movsisyan (Transitive Modes. Demon-
stratio Mathematica. XLIV (2011), No. 3, 511-522.).

Theorem 1. Let (Q,F ) be a binary medial algebra with quasigroup oper-
ations, then there exists an abelian group (Q,+) such that every operation
fi ∈ F determined by the rule:

fi(x, y) = αix+ βiy + ci,

where αi, βi are automorphisms of the group (Q,+), and ci ∈ Q is a fixed
element. The group (Q,+) is unique up to isomorphisms. Moreover, if
(Q,F ) is a mode, then

fi(x, y) = αix+ βiy,

where αi, βi are automorphisms of both the group (Q,+) and of the algebra
(Q,F ).

In this talk we consider the algebras with quasigroup operations such
that their operations satisfy the hyperidentites (2 − 7), and we obtain
similar characterization.

Groups with certain conditions on fixed points of
automorphisms

Ersoy K. (Mimar Sinan Fine Arts University, Turkey)

kivanc.ersoy@msgsu.edu.tr

Let G be a group and α be an automorphism of G. We denote the
fixed points of α in G by CG(α). The structure of CG(α) gives a lot of
information about the structure of G.

Thompson proved that a finite group with a fixed point free automor-
phism of prime order is nilpotent. An automorphism φ of G is called a
splitting automorphism if for every x ∈ G

xxφxφ
2

...xφ
n−1

= 1,

where n is the order of φ. Clearly, a fixed point free automorphism of
a finite group is a splitting automorphism. Moreover, if α is a splitting
automorphism of a group G, then CG(α) has exponent dividing n.

Kegel generalized Thompson’s result to splitting automorphisms, na-
mely he proved that a finite group with a splitting automorphism of prime
order is nilpotent. Rowley proved that a finite group with a fixed point free
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automorphism is solvable. However, there are non-solvable finite groups
admitting a splitting automorphism.

Example. Observe that the cyclic group Z31 has a fixed-point-free auto-
morphism α of order 30. Now, define G = Z31 ×A5 and consider

φ : Z31 ×A5 −→ Z31 ×A5

(x, y) −→ (xα, y).

One can observe that φ is a splitting automorphism of G of order 30, but
G is not solvable.

By Kegel’s result, a finite group admitting a splitting automorphism
of prime order is nilpotent. Moreover, Jabara proved that a finite group
with a splitting automorphism of order 4 is solvable. Hence, one might
ask the following question:

Question. Let m be a natural number which is not divisible by the ex-
ponent of any non-abelian finite simple group. Let G be a finite group
admitting a splitting automorphism of order m. Is G necessarily solvable?

In this talk we will give a partial answer to this question. In particular,
we will prove the following result:

Theorem 1. [1] A finite group with a splitting automorphism of odd order
is solvable.

Moreover, we will give a survey of recent results obtained imposing
certain conditions on the structure of fixed points of automorphisms when
G is a locally finite group.
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On interrelation between topological and dynamical
properties of diffeomorphisms on 3-manifolds

Grines V.Z. (Lobachevsky State University of Nizhni Novgorod, Russia)

vgrines@yandex.ru

The report is devoted to exposition of results on dynamics of diffeo-
morphisms with hyperbolic nonwandering set in dimension 3 obtained in
recent time by the author in collaboration with Russian (V. Medvedev,
O. Pochinka, E. Zhuzoma) and French (C. Bonatti, F Laudenbach) math-
ematicians.
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We will discuss the following questions:
topological classification of diffeomorphisms with finite and infinite hy-

perbolic nonwandering set;
interrelation between dynamics and topology of ambient manifold;
existence of global Lyapunov function whose set of critical points coin-

cide with nonwandering set (such function is called energy function);
existence of simple arc joining two Morse-Smale diffeomorphisms on

3-manifold.
The surveys of the results and references can be found in [1], [2].
The author thanks grants of RFBR 12-01-00672-a and 13-01-12452 for

the financial support.
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On Morse-Smale cascades that embed in topological flows

Gurevich E. (Lobachevsky State University of Nizhni Novgorod,
Russia)

elena gurevich@list.ru

Results under presentation are obtained in collaboration with V. Grines
and O. Pochinka, and published in [1].

A Cr-diffeomorphism (cascade) f : Mn → Mn, r ≥ 1, on smooth
connected closed manifold of dimension n embeds in a Cl-flow, l ≤ k, if f
is the time-one map of such a flow. Palis showed in [2] that the set of Cr-
diffeomorphisms that embed in C1-flows is a set of first category. At the
same time, the structural stability of Morse-Smale diffeomorphisms leads
to the existence of open sets of cascades that embed in topological flow
(for example, a neighbourhood of time-one map of a Morse-Smale flow).
In [3] the following necessary conditions of embedding of Morse-Smale
cascade f in a topological flow were stated:

(1) non-wandering set of f consists only of fixed points;
(2) f restricted to each invariant manifold of its fixed points is orien-

tation preserving;
(3) for any fixed points p, q having non-empty intersection of invariant

manifolds, the intersection does not contain compact components.
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It was also shown in [3] that conditions (1)-(3) are sufficient for n = 2.
In the dimension n = 3 an additional obstacle for Morse-Smale cas-

cade to embed in a flow is the non-trivial embedded separatrices of saddle
points. To describe them, we put into a correspondence to each diffeo-
morphism f a global scheme Sf which is a set of wandering orbits with
projections of 2-dimensional invariant manifolds. We introduce a defini-
tion of triviality of global scheme and prove the following theorem.

Theorem. A Morse-Smale cascade f : M3 → M3 embeds in continuous
flow iff its scheme is trivial.

We also discuss a possibility of expanding our result for Morse-Smale
cascades on manifolds of dimension n > 3.
Research is supported by grants 12-01-00672, 13-01-12452-ofm of RFFR.
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On the Pólya problem of conversion between permanents
and determinants

Guterman A. (Moscow State University, Russia)

guterman@list.ru

The talk is based on the works [1, 2, 3].
While the computation of the determinant can be done in a polynomial

time, it is still an open question, if there exists a polynomial algorithm
to compute the permanent. Due to this reason, starting from the work
by Pólya, 1913, different approaches to convert the permanent into the
determinant were under the intensive investigation.

Among our results we prove the following theorem:

Theorem 1. Suppose n ≥ 3, and let F be a finite field with charF 6= 2.
Then, no bijective map T : Mn(F )→Mn(F ) satisfies perA = detT (A).
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Gorenstein projective, injective and flat sheaves over
posets

Hafezi R. (School of Mathematics, IPM-Isfahan Branch, Iran)

hafezira@gmail.com

In this talk we study the category of sheaves over an infinite partially
ordered set with its natural topological structure. Totally acyclic com-
plexes in this category will be characterized in terms of their stalks. This
lead us to describe Gorenstein projective, injective and flat sheaves. As
an application, we get an analogue of a formula due to Mitchell, giving
an upper bound on the Gorenstein global dimension of such categories.
Based on these results, we present situations in which the class of Goren-
stein projective sheaves is precovering as well as situations in which the
class of Gorenstein injective sheaves is preenveloping.

Algebras with fuzzy operations and fuzzy equalities

Hatami J. (Yerevan State University, Armenia)

jhatami51@gmail.com

The problem of development of algebras with fuzzy operations is for-
mulated in ([1], P:136). In this paper we introduce algebras with fuzzy
operations. We consider fuzzy operations instead of ordinary functions in
structure of algebras and investigate properties of such algebras.

We will use complete residuated lattices L =< L;∧,∨,⊗,→, 0, 1 > as
the structures of truth values.

Definition. Let ≈M be a fuzzy equality on M . An (n+1)-ary fuzzy rela-
tion ρ on a set M is called an n-ary fuzzy operation w.r.t. ≈M and ≈Mn

if we have the following conditions:
Extensionality:

(p ≈Mn

p′)⊗ (y ≈M y′)⊗ ρ(p, y) ≤ ρ(p′, y′) ∀p, p′ ∈Mn, ∀y, y′ ∈M,
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Functionality:

ρ(p, y)⊗ ρ(p, y′) ≤ y ≈M y′ ∀p ∈Mn, ∀y, y′ ∈M,

Fully-defined: ∨
y∈M

ρ(p, y) = 1 ∀p ∈Mn,

where (a1, · · · , an) ≈Mn

(b1, · · · , bn) =
∧n
i=1(ai≈Mbi). We say that ρ is

a fuzzy operation on M with arity n.

Definition. An algebra with fuzzy operations of type 〈≈, F 〉 is a triplet
M = 〈M,≈M,FM 〉 such that ≈M is a fuzzy equality on the set M and
FM is the set of fuzzy operations on the set M .

Formulas of fuzzy equational logic are the set

Fml = {⊗i∈Iti ⇒ s|t, t′ ∈ T (X), s ∈ S},

where S = {x ≈ y|x, y ∈ X}.
A theory is a set T of formulas, i.e. T ⊆ Fml.

Theorem. (Compactness Theorem). A Theory T has a model iff
each it finite subtheory has a model.
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On surfaces of constant astigmatism

Hlaváč A. and Marvan M.

(Mathematical Institute in Opava, Silesian University in Opava, Czech
Republic)

Adam.Hlavac@math.slu.cz, Michal.Marvan@math.slu.cz

Surfaces of constant astigmatism, i.e. surfaces characterized by the
condition ρ2 − ρ1 = const 6= 0, where ρ1, ρ2 are the principal radii of
curvature of given surface, were already known at the end of the nineteenth
century. They appear in the context of pseudospherical surfaces which are
vastly explored and described in the literature.

Remaining forgotten for almost a century, surfaces of constant astig-
matism reemerged recently in the systematic search for integrable classes
of Weingarten surfaces. Under an adapted parametrization by lines of
curvature, constant astigmatism surfaces correspond to solutions of the
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constant astigmatism equation

zyy +

(
1

z

)
xx

+ 2 = 0.

In the talk, an overview of new results regarding surfaces of constant
astigmatism and constant astigmatism equation will be given. We con-
struct a constant astigmatism surface from the pair of its complementary
pseudospherical evolutes by purely algebraic manipulations and differen-
tiation, i.e. using no integration. An extension of the famous Bianchi
superposition principle then enables us to generate new surfaces of con-
stant astigmatism and new solutions of constant astigmatism equation.

We also describe a connection between constant astigmatism surfaces
and spherical orthogonal equiareal patterns with significance in two-di-
mensional plasticity.

Finally, we construct a pair of reciprocal transformations for the con-
stant astigmatism equation and generate some new solutions from the
known seeds. We discuss the meaning of reciprocal transformations on
the level of the sine-Gordon equation and we also describe how the recip-
rocal transformation acts on an orthogonal equiareal pattern.

About relations of Church theses and principles of
uniformizations in the intuitionistic set theory

Khakhanyan V. (Moscow State University of railway communications,
Russia)

valkhakhanian@gmail.com

We prove the first result from the list of results given below: U is inde-
pendent of CT in non type set theory with two kinds of variables ZFIC2.
M is the Markov’s Strong Principle, DCS is the Double Complement of
Sets. All principles have parameters of any kinds and their formulations
can be found in [1] and [2].

SUMMARY of RELATIONS

1) ZFIC2+M+DCS+CT 6` U (new result);
2) ZFIC2+M+DCS+U! 6` U (from 1) and 4));
3) ZFIC2+M+DCS+CT!+U 6` CT (1980);
4) ZFIR2+CT! ` U! (Swartz, 1984);
5) ZFIR2+U ` U! (trivial);
6) ZFIR2+CT ` CT! (trivial);
7) ZFIC2+M+DCS+U 6` CT! (1980);
8) ZFIC2+M+DCS+U 6` CT (from 7) and 6)).
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The following problem is still open:

ZFIC2 without extensionality + M + DCS + CT 6` U!.
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On combinatorics of wreath product of finite symmetric
inverse semigroups

Kochubinska E. (Taras Shevchenko National University of Kyiv,
Ukraine)

eugenia@univ.kiev.ua

For a set X, let I(X) denote the set of all partial bijections on X.
Clearly, it is a semigroup under natural composition law. This semigroup
is called the full symmetric inverse semigroup on X. If X = {1, . . . , n},
then the semigroup I(X) is called the full symmetric inverse semigroup
of rank n and is denoted by In.

Let S be a semigroup, (P,X) be a semigroup of partial transformations
of the set X. Define SPX to be the set of partial functions from X to
semigroup S:

SPX = {f : A→ S|dom(f) = A,A ⊆ X}.

Given f, g ∈ SPX , the product fg is defined in the following way:

dom(fg) = dom(f) ∩ dom(g), (fg)(x) = f(x)g(x) for all x ∈ dom(fg).

For a ∈ P, f ∈ SPX , define fa as:

(fa)(x) = f(xa), dom(fa) = {x ∈ dom(a);xa ∈ dom(f)}.

Wreath product of semigroup S with the semigroup (P,X) of partial
transformations of the set X is the set

{(f, a) ∈ SPX × (P,X) | dom(f) = dom(a)}

with composition defined by (f, a) · (g, b) = (fga, ab). We will denote the
wreath product of semigroups S and (P,X) by S op P .
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Wreath product of inverse semigroups is an inverse semigroup. One
can recursively define the wreath product of any finite number of inverse
semigroups.

In my talk I will present some combinatorial results (e.g. cardinality
of semigroup, combinatorics of Green’s relations, combinatorics of nilpo-
tents) concerning the wreath product of finite inverse symmetric semi-
groups. Because of the recursive definition of the wreath product, one
can obtain a number of recurrent formulae, containing different types of
known combinatorial objects.

Embedded graphs on Riemann surfaces and beyond

Kreines E. (Moscow State University, Russia)

elena.kreines@gmail.com

This talk is based on the joint works with Natalia Amburg and George
Shabat.

The subject of the talk lies in the intersection of algebra, algebraic
geometry, and topology, and produces new interrelations between differ-
ent branches of mathematics and mathematical physics. The main ob-
jects of our discussion are so-called Belyi pairs and Grothendieck dessins
d’enfants. Belyi pair is a smooth connected algebraic curve together with
a non-constant meromorphic function on it with no more than 3 criti-
cal values. Grothendieck dessins d’enfants are tamely embedded graphs
on Riemann surfaces. Their connections provide a new way to visualize
absolute Galois group action, new compactifications of moduli spaces of
algebraic curves with marked and numbered points, new way to visualize
some classical objects of string theory, mathematical physics, etc. Intro-
duction to the theory will be given including modern applications. In
particular, we will discuss the generalized Tchebyshev polynomials and
their geometry, visualization of the Galois group action and its invariants,
Grothendieck dessins d’enfants on reducible curves, numerous examples.
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Normality of maximal torus orbits closures in simple
modules of algebraic groups

Kuyumzhiyan K. (National Research University Higher School of
Economics, Russia)

karina@mccme.ru

Our problem belongs both to algebraic geometry and combinatorics.
We investigate normality of torus orbits closures in simple modules of
simple algebraic groups. Every module can be given by its set of weights,
and the normality property of a torus orbit closure reads combinatorially
as the Saturation Property of the corresponding set of torus weights: the
semigroup generated by them coincides with the intersection of the cone
and the group generated by the same points. We restrict ourselves to
tori which are maximal tori in algebraic groups, and the torus action in
the module is induced by the algebraic group action. For any simple
algebraic group G with a maximal torus T and its simple module V, we
are interested in the following question: is it true that for all v from V
the closure of Tv is a normal variety? Combinatorially, we need to check
whether all the subsets in the corresponding set of weights are saturated.
Now the problem of classification of all such pairs (G,V) is completely
solved (arXiv: 0806.1981, 1009.4724, 1105.4577). In the talk, I am going
to overview the methods of proving the Saturation Property, to show how
they are applied in the nicest cases, and explain how to construct a non-
saturated subset for the infinite number of cases which do not appear in
the classification.

On groups, critical with respect to a spectrum

Lytkin Y. V. (Novosibirsk State University, Russia)

jurasicus@gmail.com

Let G be a finite group. The set of the element orders of G is called
the spectrum and denoted by ω(G). An arbitrary quotient group H/N ,
where N,H ≤ G and N EH, is called a section of G. As in [1], we call a
group G critical with respect to its spectrum if every proper section of G
has the spectrum different from ω(G).

It has been proven in [1] that the number of groups critical with respect
to some fixed spectrum is always finite. V. D. Mazurov stated the following
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Conjecture. For any positive integer n there exists an integer k > n,
such that there exist k pairwise non-isomorphic finite groups, critical with
respect to some fixed spectrum.

Theorem 1. Suppose that s is a positive integer and

{pij | i = 1, . . . , s, j = 1, 2}

is a set of pairwise unequal prime numbers. Then there exist at least 2s

pairwise non-isomorphic finite groups, critical with respect to

Ω = {n1 . . . ns | nj ∈ {1, pj1, pj2}}.

Theorem 1 implies that there is no such positive integer n that for
any spectrum there exist at most n groups, critical with respect to this
spectrum. Thus the subsequent conjecture is that if we consider only
spectra of simple groups, then such integer is going to exist.

Our first object of study is the alternating group A6.

Theorem 2. Let G be a group, critical with respect to the spectrum
ω(A6) = {1, 2, 3, 4, 5}. Then G is either A6, or K h A5, where K is
a natural module of order 16 for the group SL2(4) ' A5.

The work was partially supported by RFFI Grant 13-01-00505.
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Periodic groups acting freely on Abelian groups

Lytkina D.V. (Siberian state university of telecommunications and
information sciencies, Russia)

daria.lytkin@gmail.com

Let π be a set of primes. Periodic group G is called a π-group, if all
of its element orders are divisible only by primes from π. A group G acts
freely on a non-trivial group V , and the action is called a free action, if
vg = v implies v = 1 or g = 1 for v ∈ V and g ∈ G.

Our goal is to describe {2, 3}-groups acting freely on Abelian groups.
Locally cyclic group G is a group such that every finite subset of G is

contained in a cyclic subgroup.
Quaternion group is a quaternion group of order 8 or generalized quater-

nion group. Locally quaternion group is a 2-group G such that every finite
subset of G is contained in a quaternion subgroup.
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Quaternion group of order 8 possesses an automorphism of order 3.
The corresponding semidirect product of order 24 is isomorphic to the
group SL2(3). Denote by S̃4 the extension of a group of order 2 with a
group S4 of degree 4, which has a quaternion Sylow 2-subgroup.

Theorem 1. Let G be a {2, 3}-group acting freely on an Abelian group.
Then one of the following statements is true.

1) G is locally finite and isomorphic to one of the following groups:
• locally cyclic group;
• direct product of a locally cyclic 3-group with a locally quaternion

group;
• semidirect product of a locally cyclic 3-group R with a cyclic 2-

group 〈b〉, where b2 6= 1 and ab = a−1 for every a ∈ R;
• semidirect product of a locally cyclic 3-group R with a locally

quaternion group Q, where |Q : CQ(R)| = 2;
• semidirect product of a quaternion group Q8 = 〈x, y〉 of order 8

with a cyclic 3-group 〈a〉, where xa = y;

• group S̃4.
2) G is not locally finite and all prime order elements of G generate a

cyclic subgroup.

Any of the groups mentioned can act freely on some Abelian group.

We give the full description of groups from i. 2 of Theorem 1.

The work is supported by Russian Foundation of Basic Research (Grants
12–01–90006, 13-01-00505, 11–01–00456), the Federal Target Program
(Contract No. 14.740.11.0346), and the Integration Project of the Siberian
Division of the Russian Academy of Sciences for 2012–2014 (No. 14).

New properties of Riemann’s zeta function

Matiyasevich Y. (St.Petersburg Department of V.A. Steklov Institute
of Mathematics of the Russian Academy of Sciences, Russia)

yumat@pdmi.ras.ru

Riemann’s zeta function, studies already by Euler, is one on the most
interesting and important object of investigations in Number Theory
thanks to its relationship with the distribution of prime numbers. Fa-
mous Riemann’s Hypothesis about the zeroes of this function remains
open for more than a century and a half.

In the last years the speaker empirically discovered several new prop-
erties of the zeroes of Riemann’s zeta function, including new relationship
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with prime numbers. These discoveries were made as a result of inten-
sive computer calculations, part of which was performed on computers of
Armenian National Grid Initiative Foundation.

More detailed information about this ongoing research can be found on
http://logic.pdmi.ras.ru/~yumat/personaljournal/artlessmethod.

The Diamond Lemma and prime decompositions of global
knots

Matveev S. (Chelyabinsk State University, Russia)

matveev@csu.ru

We prove a new version of the famous Diamond Lemma of M.H.A.
Newman (1942) suitable for working with topological objects. Using it
we prove several positive and negative results on prime decompositions of
knots in thickened surfaces.

Groups with given element orders

Mazurov V.D. (Institute of Mathematics, Siberian Branch of RAS,
Russia)

mazurov@math.nsc.ru

We plan to give a review of periodic groups with prescribed element
orders. Here is one of the latest results in this topic.

Theorem 1. (E. Jabara, D. V. Lytkina, V. D. Mazurov, not yet published)
Let G be a {2, 3}-group containing elements of orders 2 and 3 and no
elements of order 6. Suppose that a period of every subgroup of G, gen-
erated by a couple of elements whose orders are at most 4, is a divisor of
72 = 23 ·32. Then G is either locally finite or is an extension of a 2-group
by a 3-group containing a unique subgroup of order 3.

Results of S. I. Adian [1] imply that there exist non locally finite groups
which satisfy the conditions of Theorem 1.

Corollary 1. Non-primary group of period 72 with no elements of order
6 is locally finite.

The work is supported by Russian Foundation of Basic Research (Grants
12–01–90006, 13-01-00505, 11–01–00456), the Federal Target Program
(Contract No. 14.740.11.0346), and the Integration Project of the Siberian
Division of the Russian Academy of Sciences for 2012–2014 (No. 14).
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Simple modular Lie algebras

Melikyan H. (North Carolina Central University, USA)

melikyan@nccu.edu

It is now a fact that all finite-dimensional simple Lie algebras over an
algebraically closed field of characteristic p > 3 fall into the following
three families:

• Classical Lie algebras (modular analogs of the complex simple Lie
algebras)
• Cartan type Lie algebras and their filtered deformations (thus are

closely related to the four families of infinite-dimensional simple
Lie algebras of Cartan)
• Melikyan algebras (two parametric family of simple Lie algebras

which exist only for characteristic p = 5).

The aim of this talk is to give a comprehensive overview of simple Melikyan
algebras, followed by a brief introduction to the classical and Cartan type
simple Lie algebras.

Counting abelian subgroups in finitely generated
metabelian groups

Mikaelian V.H. (Yerevan State University, Armenia)

v.mikaelian@gmail.com

Our aim is to present some of the results of our recent research with
Prof. A.Yu. Ol’shanskii on abelian subgroups in finitely generated Abel-
ian-by-polycyclic groups. The full classification of all abelian groups of
that type was recently presented in [4], and it turned out to be useful for
solution of problems in related areas. In particular, in [4] we were able
to give a negative answer to a conjecture of G. Baumslag [1] about the
number of abelian subgroups in metabelian group.

Here we would like to present an application to embeddings of groups.
One of the most famous results on embeddings is the theorem of G. Hig-
man, B. Neumann, H. Neumann [3] about embedding of any countable
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group H into a 2-generator group G. This theorem was a stimulus to ex-
tensive research in this direction, in particular, on embeddings when the
group G is “close” to H in the sense that G satisfies a property provided
that H satisfies it. If the group H is soluble, then G can also be selected to
be a soluble 2-generator group [6]. And if the solubility length of H is n,
then G can be a group of solubility length at most n+ 2 [6]. This limit in
general is the best possible, since there are some examples of groups H of
solubility length n, which cannot be embedded in any 2-generator group G
of solubility length n+ 1. One of such examples is built by Ph. Hall in [2,
Lemma 2]: the additive group of rational numbers Q (a soluble group of
length 1, since it is abelian) cannot be embedded in any finitely-generated
metabelian group (soluble group of length 2). Another example is built
by B.H. Neumann and H. Neumann in [6, Lemma 5.3]: the quasicyclic
group C(p∞) (yet another abelian group) also does not possess such an
embedding. Generalizing these we give a description for all abelian groups
that can be embedded into 2-generator metabelian groups.

Using this criterion it is possible to built for any n a soluble group H
of length n, which cannot be embedded into a 2-generator soluble group
G of length n+ 1, although it can be embedded into a 2-generator soluble
group G of length n + 2 by [6]. Technics used in [4] can be modified for
embeddings of ordered groups to give classifications for all the cases when
an ordered rational group can be embedded into an ordered 2-generator
rational group of solubility length 3 or 2 (metabelian group). This con-
tinues our research of [5] on embeddings of rational groups.
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Example of semi-Einstein submanifolds, different from
the cone over sphere

Mirzoyan V.A., Machkalyan G.S. and Nalbandyan G.A.

(State Engineering University of Armenia, Artsakh State University,
Armenia)

vmirzoyan@mail.ru, machgrig@mail.ru

During the research of various classes of Ricci-semi-symmetric sub-
manifolds in Euclidean spaces authors had geometrically described some
classes of semi-Einstein submanifolds which outwardly represented cones
over Einstein submanifolds, particularly cones over spheres. In all con-
sidered cases index of nullity of submanifolds was equal to the index of
relative nullity. A question on whether there exist semi-Einstein subman-
ifolds, different from cones over Einstein submanifolds, remained open.

In the present work normally flat submanifolds of codimension two are
considered in Euclidean spaces with one multiple regular principal cur-
vature vector and one nonzero singular principal curvature vector. Such
submanifold automatically is semi-Einstein, has zero index of relative nul-
lity, and its index of nullity is equal to 1. Totally integrable differential
system is received, defining such submanifold, and its geometrical descrip-
tion is given. Internally such submanifold is locally isometric to a cone
over a sphere, i.e. its metrics in some local coordinate system has the
same form, as that of the cone over the sphere. However, from the point
of view of ambient Euclidean space, it is not a cone over a sphere. In
particular, it can be a direct product of hypersphere and some flat curve
with nonzero curvature.

Universalization: Diophantine classification of simple Lie
algebras and universal invariant volume of simple Lie

groups

Mkrtchyan R.L. (Yerevan Physics Institute, Armenia)

mrl55@list.ru

Vogel introduced the Universal Lie algebra, with the motivations from
knot theory, aimed “to construct a monoidal category which looks like
the category of module over a Lie algebra and which is universal in some
sense“ [1]. Delign’s et al. [2] approach of series of Lie algebras leads to
a similar formulae, restricted to exceptional series of simple Lie algebras.
These ideas lead to new interesting formulae both in Lie algebras and
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gauge theories. A typical result is the universal expression for dimensions
of simple Lie algebras:

dim g =
(α− 2t)(β − 2t)(γ − 2t)

αβγ
(1)

where projective (Vogel’s) parameters α, β, γ define a point on a Vogel’s
plane, which is the projective plane factorized w.r.t. the all permutations
of three projective parameters. Expression (1) gives dimensions of simple
Lie (super)algebras at special points at Vogel’s plane, given in a table in
[1], e.g. AN−1 ∼ (−2, 2, N), E8 ∼ (−2, 12, 20), etc.

One can try to “universalize” the theory of simple Lie algebras and
groups, expressing it on the language of Vogel’s parameters. In this report
we present development of this approach mainly based on a universal
expression for character of adjoint representations of simple Lie algebras
at line xρ (ρ is a Weyl vector in roots space), derived in [3]:

f(x)=χad(xρ)=
sinh(xα−2t

4 )

sinh(xα4 )

sinh(xβ−2t
4 )

sinh(xβ4 )

sinh(xγ−2t
4 )

sinh(xγ4 )
, t=α+ β + γ (2)

We seek all points on Vogel’s plane, for which this character is regular
on a finite x plane, as is the case for simple Lie algebras. We find [4]
that this requirement leads to a seven Diophantine equations on three
integer variables. Each solution of each of these equations corresponds
to some simple Lie (super)algebra, or one of 50 similar, in some sense,
objects, among which is the E7 1

2
Lie algebra [5]. All equations are of

the form knm =(second order polynomial over k, n,m). We present a
complete lists of solutions of these equations. For example, one of these
equations is 2

k + 2
n + 2

m = 1 (multiplied on knm) which contains simple
Lie (super)algebras: AN−1 at (k, n,m) = (−N,N, 2), D4 at (3, 3,−6), E6

at (4, 3,−12), E8 at (5, 3,−30), and D2,1,λ at (0, 0, 0).
We also consider the volume of compact simple simply connected Lie

groups w.r.t. the Cartan-Killing metric and prove that it has a universal
representation [6, 7]:

V ol(α, β, γ) = (2π)dim g exp

(
−
∫ ∞

0

dx
f(x)− dim g

x(ex − 1)

)
(3)

with normalization α + β + γ = 1. This is connected with multiple (4-
ple) Barnes gamma-function and has an applications in Chern-Simons and
knots theories [6].
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Algebras with hyperidentities of lattice varieties

Movsisyan Yu.M. (Yerevan State University , Armenia)

yurimovsisyan@yahoo.com

A Boolean quasilattice is an algebra with hyperidentities of the vari-
ety of Boolean algebras. In this talk we give a general characterization
of Boolean quasilattices with two binary and one unary operations. A
functional representation of finitely generated free Boolean quasilattices
with two binary, one unary and two nullary operations is obtained.

A De Morgan quasilattice is an algebra with hyperidentities of the
variety of De Morgan algebras. We give a structural result on De Morgan
quasilattices and a functional representation of the free n-generated De
Morgan quasilattice with two binary and one unary operations.
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Fixed point theorems for quantum-lattices

Movsisyan Yu.M. and Davidova D.S.

(Yerevan State University, Armenia)

yurimovsisyan@yahoo.com, di.davidova@yandex.ru

Fixed point theorems are widely used in functional analysis, in partic-
ular, to prove the existence of solutions of operator equations on classical
spaces. We prove a few fixed point theorems for quantum-lattices (or
q-lattices), which extend Tarski’s lattice-theoretical fixed point theorem.
The algebra, (L;∧,∨), with two binary operations is called q-lattice, if it
satisfies the following identities: 1. a ∧ b = b ∧ a, a ∨ b = b ∨ a (commu-
tativity); 2. a ∧ (b ∧ c) = (a ∧ b) ∧ c, a ∨ (b ∨ c) = (a ∨ b) ∨ c (associa-
tivity); 3. a ∧ (b ∧ b) = a ∧ b, a ∨ (b ∨ b) = a ∨ b (weak idempotence); 4.
a ∧ (b ∨ a) = a ∧ a, a ∨ (b ∧ a) = a ∨ a (weak absorption); 5. a ∧ a = a ∨ a
(equalization).

Any q-lattice corresponds to a quasiorder (both a reflexive and a tran-
sitive relation) θ, which is defined in the following manner:

aθb↔ a ∧ b = a ∧ a↔ a ∨ b = b ∨ b.

Let θ be a quasiorder on the set, L 6= ∅; then Eθ = θ ∩ θ−1 ⊆ L× L is
an equivalence. The relation, θ/Eθ, which is induced from θ on the set,
L/Eθ, in the following manner:
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(A,B) ∈ θ/Eθ ↔ aθb, where ∀a ∈ A,∀b ∈ B and A,B ∈ L/Eθ,

is an order. Further, the order θ/Eθ is denoted by ≤θ, and the class of
equivalence, which includes the element x, is denoted by [x] ∈ L/Eθ.

Note that the quasiordered set, (L; θ), is a q-lattice, if for each two
classes of the equivalences, [a], [b] ∈ L/Eθ, exist both inf([a], [b]) = [a]∧[b]
and sup([a], [b]) = [a] ∨ [b], i.e. if (L/Eθ;≤θ) is a lattice.

For example, the (Z \ {0};∧,∨) (where x ∧ y = (|x|, |y|) and x ∨ y =
[|x|, |y|], for which (|x|, |y|) and [|x|, |y|] are the greatest common divisor
(gcd), and the least common multiple (lcm) of |x| and |y|) is a q-lattice,
which is not a lattice, since x ∧ x 6= x and x ∨ x 6= x. The quasiorder
relation, corresponding to the q-lattice (Z \ {0};∧,∨), is the relation of
divisibility on Z \ {0}.

We assume that the presented fixed point theorems for q-lattices also
can be used to solve operator equations on non-classical surfaces (mani-
folds).

Spectral data for several matrices and multivariate
analogs of characteristic functions

Neretin Y. (Instute for Theoretical and Experimental Physics, Russia)

neretin@mccme.ru

We consider p unitary matrices of size α+k determined up to a common
conjugation by a unitary matrix of size k. There is a natural multiplication
in such data imitating multiplication of operator colligations (nodes). We
construct analogs of Livshits characteristic functions (transfer-functions)
for this case. This functions are holomorphic, they map matrices of order
p with norm ≤ 1 to matrices of order pα with norm ≤ 1 and also map
unitary matrices to unitary matrices.

On infinite dimensional quadratic forms admitting
composition

Ohnikyan H. A. (Yerevan State University, Armenia)

ohnikyan@yahoo.com

It is not much known about the composition of infinite dimensional
quadratic forms. It is proved in [1] the existence of the composition for
positive quadratic forms of arbitrary infinite dimension. Analogous re-
sult by another method is received in [2] for positive quadratic form of
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countable dimension. It turns out that the construction given in [2] can
be extended over other infinite dimensional quadratic forms.

Let F be an arbitrary field with unit element 1 and with characteristics
6= 2. The notion of infinite sign matrix can be defined analogous as in the
case of finite dimension.

Let’s consider the elements αi ∈ F defined through the recurrent for-
mula αPk(l) = αkαl by all primary value α0 = 1, α1, α2, α4, α8 = ±1. We

will consider the following infinite quadratic forms Q(x) =
∑
αix

2
i . Then

the quadratic form Q(x) has the following representation:

Q(x) = x2
0 + α1x

2
1 + α2x

2
2 + α1α2x

2
3 + α4x

2
4+

+ α1α4x
2
5 + α2α4x

2
6 + α1α2α3x

2
7 + α8x

2
8+

+ α1α8x
2
9 + · · ·+ α1α2α3α4x

2
15 + α1x

2
16 + x2

17 + . . .

Theorem 1. For any infinite sign matrix S the quadratic form Q admits
some composition.

Let A (α1, α2, α4, α8;S) is the linear normed algebra defined by the
above mentioned composition.

Theorem 2. In algebra A (α1, α2, α4, α8;S) any left shift operator Φa,
Φa(b) = a.b is a bijection if and only if Q(a) 6= 0. Besides, if S is a
Unital sign Matrix, then the algebra A has a left identity element.

Let F be an arbitrary ordered field containing all square roots of its
positive elements.

Theorem 3. For any finite dimensional composition algebra A with unit
element over the field F there exists an infinite dimensional normed alge-
bra of type A (α1, α2, α4, α8;S) with left identity element, containing A as
subalgebra.
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Fundamental groups of spaces of trigonal curves

Orevkov S. and Zvonilov V.

(Steklov Mathematical Institute, Syktyvkar State University, Russia)

orevkov@math.ups-tlse.fr, zvonilov@gmail.com

The braid group can be considered as the fundamental group of the
space of complex polynomials with distinct roots. Natural generalizations
of the braid group are the fundamental groups of spaces of nonsingular
hypersurfaces on algebraic varieties. They appears, for example, when we
try to generalize to bigger dimensions the method of braids in the theory
of real algebraic curves. We make a first step in this direction.

Let q : Σk → P 1 be a complex rational ruled surface (Hirzebruch
surface) with the exceptional section s, s2 = −k < 0. A trigonal curve is
a curve A ⊂ Σk disjoint from s(P 1) and with the restriction q : A → P 1

of degree 3. The curve A can be determined by the Weierstrass equation
y3 + b(x0, x1)y+w(x0, x1) = 0, where b, w are homogeneous polynomials
of degrees 2k, 3k.

Let d = 4b3 + 27w2 be the discriminant in y of the equation of A. The
function j : CP1 → CP1, j = 4b3/d = 1− 27w2/d, is j-invariant of the
curve A. Suppose t1, . . . , tr is the set of all imaginary critical values of j
and let St(j) be the star in CP1 with the center in∞ and the ray ends in
ti (a ray may contain another one). The graph TΓ(j) = j−1(RP1 ∪St(j))
is the tetratomic graph of A. The pair (TΓ(j), all the critical values of j)
is the Riemann data of A.

Denote by Trigk the set of trigonal curves on Σk with the non-constant
j-invariant. The space RDk of all Riemann data is Trigk/PGL(2,C). Us-
ing the Lyashko-Looijenga mapping LL :RDk→C[t], LL(TΓ, {t1, . . . , tr})
= (t− t1) . . . (t− tr) we prove that RDk is a finite cell complex.

A nonsingular curve A ∈ Trigk is almost generic if it has no vertical
flexes (i.e. the roots of the discriminant d are simple).

For the space NSingk ⊂ Trigk of nonsingular curves and for its sub-
space AlGenk of almost generic curves the fundamental groups (for k = 1)
and their images in the spherical braid group (for any k) have been cal-
culated.
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On the topology of real decomposable algebraic curves

Polotovskiy G.M.

(Lobachevsky State University of Nizhni Novgorod, Russia)

polotovsky@gmail.com

The talk gives a survey of the results on the problem of degree n de-
composable algebraic curves topological classification in the real projective
plane under the following conditions: i) each cofactor is an M -curve; ii)
cofactors are in general position; iii) every two cofactors have the maxi-
mal number of common real points and these points belong to the same
branch of each cofactor.

This problem belongs to the topic of the first part of the Hilbert 16th
problem. The first non-trivial case of n = 6 was investigated in [1]. For
n ≥ 8 the complete solution of the problem is unreal since the number of
types is very big. For n = 7 the solution is now almost completed, mainly
due to efforts of A. Korchagin, S. Orevkov, E. Shustin, and the author in
1985 – 2012. Namely, the classification of affine M -sextics (i.e. unions of
a line and a quintic) was completed in [2]. The classification of unions of a
conic and a quintic was started in [3] and completed in [4] (if the common
points of the cofactors lie on ovals) and in [5] (if they lie on odd branch
of quintic). The arrangements of a plane real quintic curve with respect
to a pair of lines were classified in [5] – [7]. The classification of unions
of a quartic and a cubic with common points on ovals was obtained in
[8]. The most difficult case – the same when common points are on odd
branch – was being considered in [9],[10] and now it is almost completed
(unpublished).
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Algebraic models of synchronized switch schemes

Yashin A.D. (Moscow State University of Psychology and Education,
Russia)

yashin.alexandr@ya.ru

By the two-dimensional synchronized switch scheme we mean n2 identi-
cal circular m-positional switches arranged as elements of a square matrix
of the order n× n. This scheme is synchronized in the following sense: if
one turns the switch with the number (i, j) then all switches in i-th string
and j-th column automatically turn in the same way.

The state of the scheme is defined as a matrix of positions of all their
switches. The control problem for this scheme is: starting with some
initial state, obtain the desired final state. We will say that the scheme
is controllable, if for any initial and final states there is a corresponding
sequence of manipulations.

The three-dimensional synchronized switch scheme is defined similarly:
switches are arranged in a cubic matrix of the order n × n × n. The
synchronization is described as follows: if one turns on the switch with
the number (i, j, k) then all switches with numbers (i, j, ∗), (i, ∗, k) and
(∗, j, k) turn similarly.

Problem. Find a controllability criteria (a relation between m and n)
for these schemes; under the controllability condition, for given initial
and final states find an explicit corresponding sequence of manipulations.
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Theorem 1. 1) The 2-dimensional scheme is controllable iff the number
m is relatively prime with the numbers n− 1 and 2n− 1.

2) The 3-dimensional scheme is controllable iff n > 2 and the number
m is odd and relatively prime with the numbers n− 2, n− 1, and 3n− 2.

Explicit solutions are based on the inversion of special linear trans-
formations on Mat2n(Zm) and Mat3n(Zm) (modules of square and cubic
matrices of the order n over the ring Zm of residuals modulo m resp.): for
2-dimensional case F (X) := −X + UX + XU (U consists of units); for
3-dimensional case F (X) := V ◦ X + X ◦ V − X × V − 2X (V consists
of units, ◦ is the frontally fiber product and × is the vertically fiber prod-
uct of cubic matrices respectively). In both cases the search for explicit
solution is reduced to solving the equation of the form F (X) = C.

Theorem 2. [2-dim] Under the controllability condition: for m = 2 we
have X = F−1(C) = F (C); for m > 2 we have X = F−1(C) = (−1 +
n′ + n′′)C + (n′ + n′′ − n′n′′)F (C) − n′n′′F 2(C), where n′ = (n − 1)−1

and n′′ = (2n− 1)−1 in the ring Zm.

Theorem 3. [3-dim] Under the controllability condition we have X =
F−1(C) = a0C+a1F (C)+a2F

2(C)+a3F
3(C), where coefficients a0, a1,

a2 and a3 are calculated by (n− 2)−1, (n− 1)−1, (3n− 2)−1, and 2−1 in
the ring Zm.

On the group (C3 × C3) ∝ C2

Zolfaghari P. (Yerevan State University, Armenia)

parvaneh zolfaghari@yahoo.com

In the present paper we investigate up to isomorphism, there exist three
non-abelian group of order 18.
1) the direct product of the symmetric group S3 and of the cyclic group
C3.
2) the semidirect product of the cyclic group C9 with the cyclic group C2.
3) the semidirect product (C3 × C3) with C2 .
The first and second cases we investigated in [1] and in [2]. In the present
paper we describe Group (C3 × C3) ∝ C2. We calculate the group auto-
morphism of this group. It is interesting from point of view of description
of order 3 hypergroups over group. The notion of hypergroup over group
was introduced in [3]. The notion of completely reduced hypergroup over
group was introduced in [4]. The completely reduced hypergroups of or-
der 3 over group can be obtained only either from the symmetric group
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S3 or from the noncommutative groups of order 18. The order 3 hyper-
groups over group, arising from S3, are investigated in [5]. In the paper
we calculate all hypergroups of order 3 arising from this group.
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